Equation of state near the critical point by Kiang, Kenneth Chia Szu
I n p r e s e n t i n g the d i s s e r t a t i o n as a p a r t i a l f u l f i l l m e n t o f 
the requirements f o r an advanced degree from the Georgia 
I n s t i t u t e o f Technology, I agree t h a t the L i b r a r y o f the 
I n s t i t u t e s h a l l make i t a v a i l a b l e f o r i n s p e c t i o n and 
c i r c u l a t i o n i n accordance w i t h i t s r e g u l a t i o n s governing 
m a t e r i a l s o f t h i s t y p e . I agree t h a t permiss ion t o copy 
f rom, or t o p u b l i s h f rom, t h i s d i s s e r t a t i o n may be granted 
by the p r o f e s s o r under whose d i r e c t i o n i t was w r i t t e n , o r , 
i n h i s absence, by the Dean o f the Graduate D i v i s i o n when 
such copying or p u b l i c a t i o n i s s o l e l y f o r s c h o l a r l y purposes 
and does not i n v o l v e p o t e n t i a l f i n a n c i a l g a i n . I t i s under­
stood t h a t any copying f rom, or p u b l i c a t i o n o f , t h i s d i s ­
s e r t a t i o n which i n v o l v e s p o t e n t i a l f i n a n c i a l ga in w i l l no t 
be al lowed w i t h o u t w r i t t e n p e r m i s s i o n . 
7/25/68 
EQUATION OF STATE 
NEAR THE CRITICAL POINT 
A THESIS 
Presented to 
The Faculty of the Graduate Division 
by 
Kenneth Chia Szu Kiang 
In Part ia l Fulfi l lment 
of the Requirements for the Degree 
Doctor of Philosophy in the School of Physics 
Georgia I n s t i t u t e of Technology 
December 1969 
EQUATION OF STATE 
NEAR THE CRITICAL POINT 




(te a p p r o v e d by C h a i r m a n : j jQ^ v^ue^  i^~]Q 
ii 
ACKNOWLEDGEMENTS 
The author would like to thank his advisor, Dr. H. A. Gersch, 
for suggesting the present investigation and for his encouragement and 
advice during the course of it. The helpful comments of Dr. M. Sledd 
and Dr. J. Ford, who served on the reading committee, are gratefully 
acknowledge. The author would also like to express his deep apprecia­
tion to Dr. and Mrs. V. Crawford for their invaluable counsel and 
guidance. 
The author would also like to thank Mrs. M. Bryant who did a 
superb job of typing this manuscript. 
Finally, the author would like to thank his parents and his wife 
and daughters for their patience, love and support during this endeavor. 
iii 
PREFACE 
Twenty y e a r s a g o , a s I was b o i l i n g w a t e r t o f i x t e a f o r o u r h o u s e 
g u e s t , I a s k e d my f a t h e r , "Why d o e s w a t e r b o i l ? " My f a t h e r a n s w e r e d me 
q u i c k l y , " I t i s a n a t u r a l p h e n o m e n o n , " and l e f t me w o n d e r i n g i n t h e k i t ­
c h e n . Ten m i n u t e s l a t e r h e came b a c k t o me and s a i d , " S o n , I r e a l l y d o n ' t 
know why w a t e r b o i l s . Why d o n ' t y o u f i n d o u t and l e t me k n o w . " And s o , 
I s t a r t e d my c a r e e r . 
In h i g h s c h o o l , I a n s w e r e d t h a t same q u e s t i o n on a t e s t and g o t an 
"A" g r a d e . My a n s w e r was what I h a d b e e n t o l d ; "Water h a s a b o i l i n g 
p o i n t a t 100°C and when t h e t e m p e r a t u r e r e a c h e s t h e b o i l i n g p o i n t , w a t e r 
w i l l s t a r t t o b o i l . " H o w e v e r , i n t h e t h e r m o d y n a m i c s c o u r s e a t t h e U n i v e r ­
s i t y , I g o t an "F" by a n s w e r i n g t h a t same q u e s t i o n w i t h t h e same a n s w e r I 
h a d u s e d i n t h e h i g h s c h o o l . B e c a u s e , a s t h e p r o f e s s o r s a i d , I d i d n o t 
p u t " p h a s e t r a n s i t i o n , " "van d e r W a a l s 1 e q u a t i o n o f s t a t e , " " p r e s s u r e , " 
" v o l u m e , " . . . a l l t h e i m p o r t a n t c o n c e p t s t o g e t h e r t o e x p l a i n t h i s n a t u r a l 
p h e n o m e n o n . In G r a d u a t e S c h o o l , i t was a l l t h e more f a s c i n a t i n g t o d e a l 
i n a m i c r o s c o p i c w o r l d I h a d n e v e r e x p e r i e n c e d i n my p h y s i c a l l i f e - - t o 
r a t i o n a l i z e why w a t e r c a n b o i l . 
I n t h e summer o f 1 9 6 6 , I a t t e n d e d t h e Summer I n s t i t u t e f o r T h e o r e t ­
i c a l P h y s i c s on P h a s e T r a n s i t i o n s a t B r a n d e i s U n i v e r s i t y . Most o f t h e 
e x p e r t s i n t h e f i e l d o f p h a s e t r a n s i t i o n s w e r e t h e r e and s t i l l I d i s ­
c o v e r e d t h i s n a t u r a l phenomenon h a s n o t b e e n f u l l y e l u c i d a t e d t h e o r e t ­
i c a l l y . " I f I am n o t w r o n g , we s t i l l do n o t u n d e r s t a n d why w a t e r c a n 
b o i l . 1 ? . ' " I c o u l d n o t h e l p b e i n g u p s e t and s o I a s k e d t h e e x p e r t o n c e m o r e . 
i v 
The e x p e r t a n s w e r e d w i t h a u t h o r i t a t i v e g e s t u r e s and s a i d , " I f y o u want t o 
p u t i t i n t h a t w a y , I m u s t s a y y e s ; we do n o t know why w a t e r c a n b o i l . " 
I w r o t e a l o n g l e t t e r t o my f a t h e r and c o m p l a i n e d a b o u t b e i n g 
t r a p p e d by t h e " n a t u r a l p h e n o m e n o n . " A f t e r more t h a n t w e n t y y e a r s ' r e ­
s e a r c h , I h a d n o t h i n g t o s h o w — t h e a n s w e r was s t i l l , "I do n o t k n o w . " 
Y e t I h a d r e c e i v e d g r a d e s f o r my work i n s c h o o l . And now my f u t u r e i s 
bound w i t h t h i s p r o b l e m - - f o r I h a v e n o o t h e r way w i t h w h i c h t o make my 
l i v i n g 
One week l a t e r , I r e c e i v e d my f a t h e r ' s l e t t e r . The r e s p o n s e w a s , 
"IT IS A NATURAL PHENOMENON." 
V 
OVERTURE 
At t h e a g e o f s e v e n t e e n , I was a " f r e s h " - m a n . I n s t e a d o f 
" G e o m e t r y , " " A l g e b r a , " I s t u d i e d " P h i l o s o p h y . " The d e f i n i t i o n i n 
t h e t e x t b o o k was v e r y c l e a r : P h i l o s o p h y i s t h e k n o w l e d g e o f Love and 
and Wisdom. H o w e v e r , n o o n e i n t h e c l a s s was s a t i s f i e d by t h a t c l e a r - c u t 
d e f i n i t i o n . One o f t h e m o s t s t r i k i n g q u e s t i o n s k e p t b o t h e r i n g u s : Why, 
t h r o u g h t h o u s a n d s o f y e a r s , h a v e p e o p l e c l a i m e d t h a t t h e o n l y r e a l know­
l e d g e o f l o v e and w i s d o m was t h e i r own " P h i l o s o p h y " ? S i n c e t h e n , I h a v e 
n o t b e e n " f r e s h . " 
C e r t a i n l y , I s h a l l n o t h a v e t h e same a t t i t u d e t o w a r d t h i s t h e s i s 
f o r my d e g r e e o f D o c t o r o f " P h i l o s o p h y " a s o t h e r s h a v e h a d f o r t h e i r 
k n o w l e d g e o f " P h i l o s o p h y . " I f e e l t h a t I am l i k e a b l i n d man t r y i n g t o 
f i g u r e o u t what t h e m o n s t e r i s s t a n d i n g i n f r o n t o f m e . Through more 
t h a n t w e n t y y e a r s o f " e d u c a t i o n " u n d e r t h e " s y s t e m , " I h a v e b e e n t o l d 
t h a t i f I c a n t o u c h t h e n o s e , t h e b o d y , t h e t e e t h , t h e e a r s , . . . and t h e 
t a i l , I may know i t i s an e l e p h a n t . But h e r e i s my own q u e s t i o n , "Does 
t h e r e r e a l l y e x i s t an e l e p h a n t i n t h i s p h y s i c a l w o r l d ? " Under a l m o s t 
s e v e n y e a r s o f W e s t e r n e d u c a t i o n , I h a v e l e a r n e d t h e " F a u s t S p i r i t , " i . e . 
a s l o n g a s o n e k e e p s d i g g i n g i n t o t h e " p r o b l e m , " o n e s h o u l d f i n d s o m e ­
t h i n g . I f i t i s n o t an e l e p h a n t , i t may v e r y w e l l b e "PHYSICS." 
C. S . K i a n g , M i d n i g h t , S e p t e m b e r 9 , 1 9 6 9 
d e d i c a t e d t o t h o s e s e a r c h i n g 
f o r t h e t r u t h w i t h LOVE and 
WISDOM. 
v i 
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CHAPTER I 
INTRODUCTION 
Most known s u b s t a n c e s w i l l u n d e r g o a t l e a s t one p h a s e t r a n s i t i o n . 
I n many c a s e s t h e v a r i o u s p h a s e s o f s u b s t a n c e s s eem q u i t e d i s s i m i l a r and 
s e p a r a t e , and t r a n s i t i o n s b e t w e e n them a r e a b r u p t and u n h e r a l d e d . N e v e r ­
t h e l e s s , a s o n e v a r i e s , o v e r a s u i t a b l e r a n g e , some e x t e r n a l p a r a m e t e r 
s u c h a s t h e t e m p e r a t u r e o r v o l u m e , two d i f f e r e n t p h a s e s c a n b e made more 
and more s i m i l a r i n t h e i r p r o p e r t i e s u n t i l , a t a c e r t a i n c r i t i c a l p o i n t , 
a l l d i f f e r e n c e s v a n i s h . Beyond t h i s p o i n t t h e r e o n l y e x i s t s o n e h o m o g e ­
n e o u s e q u i l i b r i u m p h a s e and a l l c h a n g e s a r e c o n t i n u o u s and s m o o t h . P e r ­
h a p s t h e m o s t w e l l known e x a m p l e o f t h i s phenomenon i s t h e t r a n s i t i o n 
b e t w e e n t h e l i q u i d and v a p o r p h a s e s o f an o r d i n a r y g a s a t i t s c r i t i c a l 
t e m p e r a t u r e , s u c h a s t h e b o i l i n g o f w a t e r . 
1 
I t h a s b e e n d i s c u s s e d , f o r e x a m p l e , by U h l e n b e c k t h a t o n e r e q u i r e s 
a t h e o r y w h i c h c a n e x p l a i n g e n e r a l q u a n t i t a t i v e f e a t u r e s o f t h e b e h a v i o r s 
o f t h i s c r i t i c a l p h e n o m e n o n . S i n c e t h e p r o p e r t y i s common t o a l l s u b ­
s t a n c e s , o n e w o u l d e x p e c t i t t o be p o s s i b l e t o g i v e a v e r y g e n e r a l e x p l a n a ­
t i o n d e m a n d i n g n o e x a c t k n o w l e d g e o f t h e i n t e r a c t i o n b e t w e e n m o l e c u l e s . 
The e x i s t e n c e o f s h a r p p h a s e t r a n s i t i o n s w i l l l e a d u s t o b e l i e v e t h a t t h e 
e q u a t i o n o f s t a t e , m a t h e m a t i c a l l y , c a n n o t b e r e p r e s e n t e d by o n e a n a l y t i c a l 
f u n c t i o n b u t c o n s i s t s o f s e v e r a l a n a l y t i c a l l y d i f f e r e n t p a r t s . From t h e 
p h y s i c a l p o i n t o f v i e w , t h e f i r s t a t t e m p t a t s u c h an e x p l a n a t i o n was t h e 
2 
t h e o r y o f v a n d e r W a a l s . In t h i s t h e o r y t h e m o l e c u l e s o f a s u b s t a n c e a r e 
2 
b e t e s t e d by e x p e r i m e n t . T h e r e f o r e , we a r e n o t s u r p r i s e d t h a t c o n s i d e r ­
a b l e a t t e n t i o n h a s b e e n drawn r e c e n t l y t o t h e phenomena w h i c h o c c u r v e r y 
n e a r t h e c r i t i c a l p o i n t . S e v e r a l r e c e n t c o n f e r e n c e s and many r e v i e w 
a r t i c l e s * * h a v e p r e s e n t e d a w e a l t h o f new e x p e r i m e n t a l d a t a and t h e o r e t i c a l 
i d e a s i n t h i s a r e a . They h a v e r e v e a l e d t h e f a c t t h a t t h e r e a r e q u i t e 
marked s i m i l a r i t i e s b e t w e e n a p p a r e n t l y v e r y d i f f e r e n t p h a s e t r a n s i t i o n s ; 
f o r e x a m p l e , an a n t i f e r r o m a g n e t n e a r i t s N e e l p o i n t b e h a v e s v e r y s i m i l a r l y 
t o a l i q u i d n e a r i t s c r i t i c a l p o i n t , and a s u p e r c o n d u c t i n g t r a n s i t i o n i s 
n o t v e r y d i f f e r e n t from s e v e r a l f e r r o e l e c t r i c t r a n s i t i o n s . In a l l c a s e s , 
t h e r e a p p a r e n t l y i s a g e n e r a l t h e o r y f o r a l l t h e p h a s e t r a n s i t i o n s . To 
o 
d a t e , e x p e r i m e n t a l l y , more p r e c i s e m e a s u r e m e n t s h a v e b e e n c o n d u c t e d by 
d i f f e r e n t t e c h n i q u e s s u c h a s n u c l e a r m a g n e t i c r e s o n a n c e , M o s s b a u e r e f f e c t 
f o r e q u i l i b r i u m p r o p e r t i e s and n e u t r o n d i f f r a c t i o n , u l t r a s o n i c a t t e n u a t i o n 
f o r t r a n s p o r t p r o p e r t i e s n e a r t h e c r i t i c a l r e g i o n , and t h e o r e t i c a l l y , t h e 
h o m o g e n e o u s a r g u m e n t o f t h e e q u a t i o n o f s t a t e n e a r t h e c r i t i c a l p o i n t 9 
and t h e u s e o f c r i t i c a l e x p o n e n t s c a n b e c o n s i d e r e d a s t h e m o s t p o p u l a r 
t o o l s f o r t h i s p r o b l e m . H o w e v e r , a l l t h i s s i m p l i c i t y and s i m i l a r i t y among 
p h a s e t r a n s i t i o n s h a s n o t b e e n f u l l y e l u c i d a t e d t h e o r e t i c a l l y . F o r o n e 
t h i n g , t h e r e i s no e q u a t i o n o f s t a t e n e a r t h e c r i t i c a l p o i n t d e r i v e d from 
a t h e o r e t i c a l m o d e l w h i c h c a n p r e d i c t t h e e x p e r i m e n t a l d a t a , or t h e r e i s 
no e x p e r i m e n t a l d a t a a v a i l a b l e t o t e s t t h e t h e o r e t i c a l m o d e l ( I s i n g m o d e l ) . 
( S e e R e f e r e n c e 8 , M. E . F i s h e r . ) 
In t h i s t h e s i s , we h a v e p r e s e n t e d a h o m o g e n e o u s e q u a t i o n o f s t a t e 
n e a r t h e c r i t i c a l p o i n t w h i c h i s b a s e d upon F i s h e r ' s l i q u i d d r o p l e t 
model?"^ The e x p r e s s i o n o f t h e p r o p o s e d e q u a t i o n o f s t a t e e x a c t l y a g r e e s 
w i t h t h e h o m o g e n e o u s a r g u m e n t o f t h e e q u a t i o n o f s t a t e p r o p o s e d by Widom 
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and Griffiths, and depends on only two critical parameters. This model 
does not provide a calculational scheme for these parameters. However, 
by use of part of the experimental data to fix these parameters we are 
able to obtain a striking agreement for all the experimental data near 
the critical point for most of the substances. An outline of thermo­
dynamics near the critical point which is model independent is given in 
Chapter II. In Chapter III and IV, we discuss the mechanism of the crit­
ical phenomena through the relation between molecular forces and phase 
transition and the conjunction of cluster theory and condensation. Van 
der Waals' theory is introduced for long range interaction model and 
Ising model is considered as a typical short range interaction model. 
Liquid droplet model is fully discussed in Chapter IV in conjunction with 
critical phenomena. A general discussion of homogeneous and analytical 
arguments of equation of state near the critical point is carried on in 
Chapter V, This is the summary of the works done by Widom, Griffiths and 
others^, and possible extensions of their expression for the equation of 
state near the critical point are included. In Chapter VI, we establish 
a homogeneous equation of state for liquid droplet model near the critical 
11 12 
point and the applications 1 for experimental data also are shown in 
detail. The significances and future prospects of this research are 
discussed in the final Chapter. 
4 
CHAPTER I I 
OUTLINE OF THERMODYNAMICS NEAR THE CRITICAL POINT 
T h e r m o d y n a m i c s i s u s u a l l y s u b d i v i d e d i n t o a t h e o r y d e a l i n g w i t h 
e q u i l i b i r u m and i n t o o n e c o n c e r n e d w i t h i r r e v e r s i b l e p r o c e s s e s . I n t h i s 
c h a p t e r we r e s t r i c t o u r s e l v e s t o t h e c r i t i c a l b e h a v i o r o f a f l u i d s y s t e m 
b a s e d upon t h e b a s i c p o s t u l a t i o n s o f t h e t h e r m o d y n a m i c s o f p h a s e e q u i l i -
b r i u m w h o s e l o g i c a l s t r u c t u r e h a s b e e n c o n s t r u c t e d by G i b b s and o t h e r s , 
and o t h e r b a s i c c o n c e p t s c o n c e r n i n g t h e t h e r m o d y n a m i c s o f c r i t i c a l p h e n o ­
m e n a . 
B a s i c P o s t u l a t i o n s 
T h e r m o d y n a m i c s i s a p h e n o m e n o l o g i c a l t h e o r y o f m a t t e r . I t i s 
g e n e r a l l y b e l i e v e d t h a t t h e i m p l i c a t i o n s o f t h e f i r s t , s e c o n d and t h i r d 
l a w s o f t h e r m o d y n a m i c s e s s e n t i a l l y c o n s t r u c t t h i s t h e o r y . H o w e v e r , some 
p r o p e r t i e s o f a m a t e r i a l s y s t e m , s u c h a s t h e e x i s t e n c e o f an h o m o g e n e o u s 
p h a s e , v a l i d i t y o f t h e e q u a t i o n o f s t a t e , e t c . , r e q u i r e a number o f a d d i ­
t i o n a l a s s u m p t i o n s t o g i v e a w h o l e d e s c r i p t i o n o f t h e r m o d y n a m i c s . The 
s t u d y o f t h e r i g o r o u s l y l o g i c a l s t r u c t u r e o f t h e r m o d y n a m i c s i s a m a s t e r 
s cheme c o n s i s t i n g o f a number o f c l o s e l y k n i t d e d u c t i v e s y s t e m s d e v i s e d 
f o r d i f f e r e n t t y p e s o f s i t u a t i o n s , and i t s e l f i s a v a s t a r e a o f i n v e s t i ­
g a t i o n . H e r e , we s h a l l n o t c a r r y on d e t a i l e d d i s c u s s i o n b u t m e r e l y o u t ­
l i n e t h e b a s i c p o s t u l a t i o n s c o n c e r n e d w i t h t h e t h e o r y o f p h a s e t r a n s i t i o n , 
w h i c h i s e n t i r e l y b a s e d upon t h e work by T i s z a . ^ In t h i s s e c t i o n we s h a l l 
l i s t t h e f o l l o w i n g p o s t u l a t i o n s and b r i e f l y d i s c u s s t h e s i g n i f i c a n c e o f 
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p o s t u l a t i o n . 
P o s t u l a t e 1. T h e r e e x i s t p a r t i c u l a r s t a t e s ( c a l l e d e q u i l i b r i u m s t a t e s ) 
o f s i m p l e s y s t e m s , t h a t m a c r o s c o p i c a l l y a r e c h a r a c t e r i z e d 
c o m p l e t e l y by t h e i n t e r n a l e n e r g y U, t h e v o l u m e V, and 
t h e m o l e numbers N., , N~ , . . . , N o f t h e c h e m i c a l com-
1 2 ' n 
p o n e n t s . 
P o s t u l a t e 2 . (ENTROPY MAXIMUM PRINCIPLE) T h e r e e x i s t s a f u n c t i o n ( c a l l e d ) 
t h e e n t r o p y S ) o f t h e e x t e n s i v e p a r a m e t e r s o f any c o m p o s i t e 
s y s t e m , d e f i n e d f o r a l l e q u i l i b r i u m s t a t e s and h a v i n g t h e 
f o l l o w i n g p r o p e r t y : t h e v a l u e s a s s u m e d by t h e e x t e n s i v e 
p a r a m e t e r s i n t h e a b s e n c e o f an i n t e r n a l c o n s t r a i n t a r e 
t h o s e t h a t m a x i m i z e t h e e n t r o p y o v e r t h e m a n i f o l d o f c o n ­
s t r a i n e d e q u i l i b r i u m s t a t e s . 
P o s t u l a t e 3. The e n t r o p y o f a c o m p o s i t e s y s t e m i s a d d i t i v e o v e r t h e 
c o n s t i t u e n t s u b s y s t e m s . To e a c h s i m p l e s y s t e m t h e e n t r o p y 
i s a c o n t i n u o u s h o m o g e n e o u s f u n c t i o n w i t h c o n t i n u o u s f i r s t 
and p i e c e w i s e c o n t i n u o u s h i g h e r d e r i v a t i v e s , and i s a m o n o -
t o n i c a l l y i n c r e a s i n g f u n c t i o n o f t h e e n e r g y . 
P o s t u l a t e 4 . The e n t r o p y o f any s y s t e m v a n i s h e s i n t h e s t a t e f o r w h i c h 
— ) 0 
a S / M , ^ ,
 tVntv 
I n t h e f i r s t p o s t u l a t i o n we h a v e d e f i n e d t h e r m o d y n a m i c s y s t e m s and 
t h e r m o d y n a m i c p a r a m e t e r s w h i c h a r e m e a s u r a b l e m a c r o s c o p i c q u a n t i t i e s a s s o ­
c i a t e d w i t h t h e s y s t e m . 
P o s t u l a t e 2 d e f i n e s t h e c o n c e p t o f e q u i l i b r i u m , w h i c h i s one o f 
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t h e m o s t i m p o r t a n t c o n c e p t s i n t h e r m o d y n a m i c s . S i n c e t h e r e a r e n o p u r e l y 
o b s e r v a t i o n a l means f o r d e c i d i n g w h e t h e r an a p p a r e n t l y q u i e s c e n t s y s t e m 
h a s a c t u a l l y r e a c h e d e q u i l i b r i u m , o r i s m e r e l y s t r a n d e d i n a n o n - e q u i l i ­
b r i u m s t a t e w h i l e i m p e r c e p t i b l y d r i f t i n g t o w a r d e q u i l i b r i u m , a p r o b l e m 
i s p r e s e n t e d t o t h e e x p e r i m e n t a l i s t w h e t h e r a g i v e n s y s t e m a c t u a l l y i s i n 
an e q u i l i b r i u m s t a t e , t o w h i c h t h e r m o d y n a m i c a n a l y s i s may b e a p p l i e d . 
From p o s t u l a t e 2 , we a r r i v e a t a t h e o r y o f n o r m a l e q u i l i b r i u m b e h a v i o r 
w h i c h p r o v i d e s a p r a c t i c a l c r i t e r i o n f o r d e c i d i n g w h e t h e r o r n o t e q u i ­
l i b r i u m h a s b e e n r e a c h e d . 
S e v e r a l m a t h e m a t i c a l c o n s e q u e n c e s f o l l o w i m m e d i a t e l y from p o s t u ­
l a t e 3 . The m o n o t o n i c p r o p e r t y p o s t u l a t e d i m p l i e s t h a t t h e p a r t i a l 
d e r i v a t i v e ( d S / d U ) „ „ i s a p o s i t i v e q u a n t i t y , t h u s t h e t e m p e r a t u r e 
V , IN |^ , , , , 
T = ( 3 U /S S ) ( s e e S e c t i o n I I - 2 B ) i s p o s t u l a t e d t o be n o n - n e g a t i v e . 
The c o n t i n u i t y and p i e c e w i s e c o n t i n u i t y f o r h i g h e r d e r i v a t i v e s i m p l y t h e 
p o s s i b i l i t y f o r c h a n g e s o f p h a s e . 
P o s t u l a t e 4 i s t h e e x t e n s i o n o f t h e t h i r d l a w o f t h e r m o d y n a m i c s . 
H i s t o r i c a l l y , i t was t h e l a t e s t o f t h e p o s t u l a t e s t o be d e v e l o p e d , b e i n g 
i n c o n s i s t e n t w i t h c l a s s i c a l s t a t i s t i c a l m e c h a n i c s and r e q u i r i n g t h e p r i o r 
e s t a b l i s h m e n t o f quantum s t a t i s t i c s t o be a p p r e c i a t e d . 
I I - 2 . EQUATION OF STATE 
The e q u a t i o n o f s t a t e i s a f u n c t i o n a l r e l a t i o n s h i p among t h e t h e r m o ­
dynamic p a r a m e t e r s f o r a s y s t e m i n e q u i l i b r i u m . 
A. F u n d a m e n t a l r e l a t i o n ( f u n d a m e n t a l e q u a t i o n ) 
From p o s t u l a t e 1 and 2 , t h e r e l a t i o n t h a t g i v e s t h e e n t r o p y a s a 
f u n c t i o n o f t h e e x t e n s i v e p a r a m e t e r s i s known a s a f u n d a m e n t a l r e l a t i o n 
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t r e a t e d a s m u t u a l l y a t t r a c t i n g e l a s t i c s p h e r e s . I t i s a s s u m e d t h a t t h i s 
a t t r a c t i v e f o r c e b e t w e e n t h e m o l e c u l e s i s f o r e a c h p a i r a f u n c t i o n o f t h e 
d i s t a n c e o f s e p a r a t i o n o n l y and i s i n d e p e n d e n t o f t h e v e l o c i t i e s o f o t h e r 
3 
m o l e c u l e s . Due t o t h e r e c e n t r i g o r o u s s t u d y by Kac , U h l e n b e c k and Hammer, 
an i n f i n i t e l o n g r a n g e and weak i n t e r a c t i o n o f t h e v a n d e r W a a l s 1 t h e o r y 
i s i n d i c a t e d . From t h e s e a s s u m p t i o n s and t o g e t h e r w i t h M a x w e l l ' s c o n ­
s t r u c t i o n , t h e v a n d e r W a a l s ' t h e o r y i s a b l e t o e x p l a i n t h e p r o p e r t i e s 
q u i t e w e l l a b o v e and b e l o w t h e c r i t i c a l p o i n t f o r some s i m p l e s u b s t a n c e s , 
and e x p l a i n , a s w e l l , t h e e x i s t e n c e o f t h e c r i t i c a l p o i n t . H o w e v e r , t h i s 
s i m p l e p h y s i c a l t h e o r y f a i l s t o e x p l a i n t h e ' a n o m a l i e s ' n e a r t h e c r i t i c a l 
p o i n t , w h i c h was s u g g e s t e d e x p e r i m e n t a l l y by t h e m e a s u r e m e n t o f s p e c i f i c 
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h e a t i n 1 9 6 4 by A. V. V o r o n e l ' , V. G. S n i g i r e v , and Yu. R. C h a s h k i n . 
F u r t h e r m o r e , t h e e q u a t i o n o f s t a t e p r o p o s e d by v a n d e r W a a l s shows d i s ­
a g r e e m e n t w i t h t h e e x p e r i m e n t a l d a t a f o r c r i t i c a l e x p o n e n t s , w h i c h i s a 
p o w e r f u l t o o l t h a t h a s b e e n i n t r o d u c e d ^ t o s e r v e a s a common m e e t i n g 
g r o u n d b e t w e e n t h e o r y and e x p e r i m e n t f o r t h e c r i t i c a l r e g i o n . From a 
m a t h e m a t i c a l p o i n t o f v i e w , Yang and Lee^ h a v e e x a m i n e d t h e d i s t r i b u t i o n 
o f z e r o s o f t h e g r a n d p a r t i t i o n f u n c t i o n and p h a s e t r a n s i t i o n o f a s y s t e m 
o f m o l e c u l e s w i t h a h a r d c o r e and f i n i t e r a n g e d a t t r a c t i v e i n t e r a c t i o n . 
A c o m p l e t e d e s c r i p t i o n o f t h e e q u a t i o n o f s t a t e o f b o t h t h e g a s and c o n ­
d e n s e d p h a s e c a n b e o b t a i n e d from t h e same i n t e r a c t i o n t h r o u g h t h e c o n s i d ­
e r a t i o n s o f s t a t i s t i c a l m e c h a n i c s . H o w e v e r , t h e d i s c u s s i o n o f Yang and 
Lee d o e s n o t r e v e a l t h e d e t a i l e d n a t u r e o f t h e s i n g u l a r i t i e s t o b e e x p e c t e d 
i n any p a r t i c u l a r t y p e o f p h a s e t r a n s i t i o n and t h e I s i n g m o d e l ( t w o 
d i m e n s i o n a l ) u s e d t o d e m o n s t r a t e t h e i r t h e o r y , ^ s o f a r a s I know, c a n n o t 
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o r f u n d a m e n t a l e q u a t i o n , 
S = S ( U , V , N l f . . . , N n ) . ( 2 - 1 ) 
I t f o l l o w s t h a t i f t h e f u n d a m e n t a l r e l a t i o n o f a p a r t i c u l a r s y s t e m i s 
known a l l c o n c e i v a b l e t h e r m o d y n a m i c i n f o r m a t i o n a b o u t t h e s y s t e m i s 
a s c e r t a i n a b l e t h e r e f r o m . I t i s an e s s e n t i a l f e a t u r e o f t h e p o s t u l a t i o n s 
t h a t t h e f u n d a m e n t a l e q u a t i o n and t h e a s s o c i a t e d s t a b i l i t y c o n s i d e r a t i o n s 
c a n be c a s t i n d i f f e r e n t forms t h a t d e p e n d on t h e c h o i c e o f i n d e p e n d e n t 
v a r i a b l e s . As a f i r s t s t e p t o w a r d d e v e l o p i n g a s y s t e m a t i c t r a n s f o r m a t i o n 
t h e o r y we s o l v e t h e f u n d a m e n t a l e q u a t i o n f o r t h e e n e r g y : 
U = U ( S , V , N 1 , . . . , N n ) . ( 2 - 2 ) 
By p o s t u l a t e 3 , t h e e n t r o p y i s a m o n o t o n i c i n c r e a s i n g f u n c t i o n o f U, h e n c e , 
we a r e p e r m i t t e d t o make t h i s t r a n s f o r m a t i o n . 
B. E q u a t i o n o f S t a t e 
From f u n d a m e n t a l e q u a t i o n we c o m p u t e t h e f i r s t d i f f e r e n t i a l 
d U = ( d U / a S ) d S + ( d U / d V ) dV + O U / a N . ) . , , dN. 
V , , . . . b , J M ^ , . . . j o , V , . . . J 
and d e f i n e t h e i n t e n s i v e p a r a m e t e r s , t e m p e r a t u r e T , p r e s s u r e P and 
c h e m i c a l p o t e n t i a l o f t h e j t h c o m p o n e n t by 
j 
T = ( d U / d S ) = T ( S , V , N N ) ( 2 - 3 ) 
V ,N-^, . . . 1 n 
P . - ( 5 > U / 3 V ) S > N = P ( S , V , N r . . . N n ) ( 2 - 4 ) 
/ * i - ( a u / a y s , v , . . . , N = / v s ' v , N i ' - - - v ( 2 - 5 ) 
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Such r e l a t i o n s h i p s , e x p r e s s i n g i n t e n s i v e p a r a m e t e r s i n t e r m s o f t h e 
i n d e p e n d e n t e x t e n s i v e p a r a m e t e r s a r e c a l l e d EQUATIONS OF STATE. 
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Knowledge o f a s i n g l e e q u a t i o n o f s t a t e d o e s n o t c o n s t i t u t e com­
p l e t e k n o w l e d g e o f t h e t h e r m o d y n a m i c p r o p e r t i e s o f a s y s t e m , and know­
l e d g e o f a l l t h e e q u a t i o n s o f s t a t e o f a s y s t e m i s e q u i v a l e n t t o know­
l e d g e o f t h e f u n d a m e n t a l e q u a t i o n and c o n s e q u e n t l y i s t h e r m o d y n a m i c a l l y 
c o m p l e t e . 
I t i s a l w a y s p o s s i b l e t o e x p r e s s i n t e r n a l e n e r g y a s a f u n c t i o n o f 
p a r a m e t e r s o t h e r t h a n S , V, N. Thus we c o u l d e l i m i n a t e S from 
U = U ( S , V , N ) and T = T ( S , V , N ) t o o b t a i n an e q u a t i o n o f t h e form 
U = U ( T , V , N ) . H o w e v e r , s u c h an e q u a t i o n i s n o t a f u n d a m e n t a l r e l a t i o n 
and d o e s n o t c o n t a i n a l l p o s s i b l e t h e r m o d y n a m i c i n f o r m a t i o n a b o u t t h e 
s y s t e m . I n f a c t , U = U ( T , V , N ) a c t u a l l y i s a p a r t i a l d i f f e r e n t i a l e q u a ­
t i o n . Even i f t h i s e q u a t i o n w e r e i n t e g r a b l e , i t w o u l d y i e l d a f u n d a ­
m e n t a l e q u a t i o n w i t h u n d e t e r m i n e d f u n c t i o n s . Thus k n o w l e d g e o f t h e 
r e l a t i o n U = U ( S , V , N ) a l l o w s o n e t o c o m p u t e t h e r e l a t i o n U = U ( T , V , N ) , 
b u t k n o w l e d g e o f U = U ( T , V , N ) d o e s n o t p e r m i t o n e i n v e r s e l y t o c o m p u t e 
U = U ( S , V , N ) . 
C. L e g e n d r e T r a n s f o r m a t i o n 
I n t h e f u n d a m e n t a l r e l a t i o n , t h e e x t e n s i v e p a r a m e t e r s p l a y t h e 
r o l e s o f m a t h e m a t i c a l l y i n d e p e n d e n t v a r i a b l e s , w h e r e a s t h e i n t e n s i v e 
p a r a m e t e r s a r i s e a s d e r i v e d c o n c e p t s . T h i s s i t u a t i o n i s i n d i r e c t c o n ­
t r a s t t o t h e p r a c t i c a l s i t u a t i o n d i c t a t e d by c o n v e n i e n c e i n t h e l a b o r a ­
t o r y . The e x t r e m e i n s t a n c e o f t h i s s i t u a t i o n i s p r o v i d e d by t h e c o n ­
j u g a t e v a r i a b l e s e n t r o p y and t e m p e r a t u r e . The q u e s t i o n t h e r e f o r e a r i s e s 
a s t o t h e p o s s i b i l i t y o f r e c a s t i n g t h e m a t h e m a t i c a l f o r m a l i s m i n s u c h a 
way t h a t i n t e n s i v e p a r a m e t e r s w i l l r e p l a c e e x t e n s i v e p a r a m e t e r s a s m a t h e ­
m a t i c a l l y i n d e p e n d e n t v a r i a b l e s . I t i s w e l l known t h a t s u c h a r e f o r m a -
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t ion i s poss ib le through Legendre transformation. (The summary of the 
formalism for Legendre transformation, w i l l be discussed in Appendix A.) 
Thus we can obtain various other representations for thermodynamic 
funct ions. Furthermore, we shal l not ice that these thermodynamic repre­
sentat ions are most commonly used as a meeting ground for theore t i ca l 
predict ion and experimental measurement. In t h i s t h e s i s , the homogene­
ous equation of s ta te for l iquid droplet model near the c r i t i c a l point 
does not provide complete information for the thermodynamics of the 
system. However, the proposed equation of s ta te does contain the infor­
mation for measurable q u a n t i t i e s . 
Thermodynamic Equi l ibr ium^ - 4 , ^ 
A. Cri ter ia of S t a b i l i t y 
According to postulate 2 , thermodynamic equilibrium i s formally 
associated with the maximization of entropy. The basic extremum prin-
2 
c i p l e of thermodynamics implies that dS = 0 and that d S < 0, The con­
di t ion that the entropy b e a m a x i m u m i s t h e r e q u i r e m e n t of s t a b i l i t y of 
the predicted equilibrium s t a t e s . Considerations of s t a b i l i t y lead to 
some of the most in t ere s t ing and s ign i f i cant predict ions of thermo­
dynamics . 
In the l a s t sec t ion we. have discussed that the energy scheme and 
the Legendre transformation permit us to express the fundamental equa­
t ion in terms of a se t of independent variables chosen to be part icu lar ly 
convenient for a given problem. However, the advantage of being able to 
write the fundamental equation in various representations would be l o s t 
i f the extremum princ ip le were not i t s e l f express ib le in those 
1 1 
r e p r e s e n t a t i o n s . T h e r e f o r e we w o u l d l i k e t o p r e s e n t t h e e n e r g y minimum 
p r i n c i p l e i n forms a p p r o p r i a t e t o t h e L e g e n d r e t r a n s f o r m e d r e p r e s e n t a ­
t i o n s . 
The e n e r g y minimum p r i n c i p l e s t a t e s t h a t t h e e q u i l i b r i u m v a l u e 
o f any u n c o n s t r a i n e d i n t e r n a l p a r a m e t e r i s s u c h a s t o m i n i m i z e t h e e n e r g y 
f o r t h e g i v e n v a l u e o f t h e t o t a l e n t r o p y . The p r o o f o f t h e e q u i v a l e n c e 
o f t h e e n e r g y minimum p r i n c i p l e and t h e e n t r o p y maximum p r i n c i p l e c a n b e 
f o u n d i n r e f e r e n c e s 1 3 , 14 and 1 5 . The minimum p r i n c i p l e f o r d i f f e r e n t 
r e p r e s e n t a t i o n s due t o L e g e n d r e t r a n s f o r m a t i o n w i l l b e l i s t e d i n A p p e n ­
d i x B. 
B. Thermodynamic C o n d i t i o n s on Thermodynamic E q u i l i b r i u m 
The E q u i l i b r i u m C o n d i t i o n s Due t o t h e F i r s t D e r i v a t i v e s . I n 
o b t a i n i n g t h e c o n d i t i o n s f o r t h e r m a l e q u i l i b r i u m from t h e c o n d i t i o n o f 
maximum e n t r o p y , we w o u l d r e q u i r e t h e f i r s t d e r i v a t i v e s o f e n t r o p y w i t h 
r e s p e c t t o e n e r g y , v o l u m e and m o l e numbers t o b e z e r o . T h e r e f o r e , f o r 
e q u i l i b r i u m , t h e t e m p e r a t u r e s , p r e s s u r e s , and c h e m i c a l p o t e n t i a l s w i l l 
b e t h e same a t a l l p a r t s o f t h e c o m p o s i t e s y s t e m s u n d e r d i f f e r e n t c o n ­
d i t i o n s ( c o n s t r a i n t s ) . 
Le t u s c o n s i d e r an i s o l a t e d c o m p o s i t e s y s t e m d i v i d e d by d i a t h e r ­
m i c r i g i d p a r t i t i o n s i n t o s u b s y s t e m s o f c o n s t a n t v o l u m e and c o m p o s i t i o n . 
Thus t h e ex tremum p r o b l e m r e d u c e s t o 
( j ) = s u b s y s t e m ( 2 - 6 ) 
u n d e r t h e c o n s t r a i n t 
( 2 - 7 ) 
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F o r t h e s a k e o f s i m p l i c i t y , we h a v e s u p p r e s s e d t h e f i x e d v a r i a b l e s 
and L e t St) b e a v i r t u a l d i s p l a c e m e n t l e a d i n g f rom t h e e q u i ­
l i b r i u m v a l u e s UJ t o t h e c o n s t r a i n e d e q u i l i b r i u m + ^ U ^ ^ w i t h 
The c o n d i t i o n o f e q u i l i b r i u m i s 
Ss-*L'u*-$i<ib*-v8u*-0 (2.9) 
w h e r e X i s t h e L a g r a n g e m u l t i p l i e r a s s o c i a t e d w i t h t h e c o n s t r a i n t ( 2 - 8 ) . 
Hence t h e c o n d i t i o n ( 2 - 9 ) r e d u c e s t o 
J
 ' ( 2 - 1 0 ) 
The p a r a m e t e r A i s common t o a l l s y s t e m s t h a t a r e i n t h e r m a l e q u i l i ­
b r i u m w i t h e a c h o t h e r . From t h e d e f i n i t i o n o f t h e t e m p e r a t u r e , we 
n o t i c e t h a t t h e t e m p e r a t u r e s a r e t h e same a t a l l p a r t s o f t h e c o m p o s i t e 
s y s t e m s t h a t a r e i n t h e r m a l e q u i l i b r i u m . 
By t h e same t o k e n , f o r t h e c o n s t r a i n t ^ (J S(J and V — V
 f 
we f i n d t h e t e m p e r a t u r e s and t h e p r e s s u r e s a t a l l p a r t s o f t h e com­
p o s i t e s y s t e m s t h a t a r e i n e q u i l i b r i u m h a v i n g t h e same v a l u e . Or , f o r 
t h e c o n s t r a i n t U ~ ^ and = Nf ( c o m p o s i t e s y s t e m s c o n -
n e c t e d by r i g i d and d i a t h e r m i c w a l l , p e r m e a b l e t o o n e t y p e o f m a t e r i a l , 
and i m p e r m e a b l e t o a l l o t h e r s , N £ , N 3 , N ^ . . . ) , we f i n d t h e 
j 
t e m p e r a t u r e s and c h e m i c a l p o t e n t i a l f o r t h e f i r s t c o m p o n e n t JJ<^ a t a l l 
p a r t s o f t h e c o m p o s i t e s y s t e m s t h a t a r e i n e q u i l i b r i u m h a v i n g t h e same 
v a l u e . 
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The E q u i l i b r i u m C o n d i t i o n due t o t h e S e c o n d D e r i v a t i v e s . The 
v a n i s h i n g o f t h e f i r s t d e r i v a t i v e s o f e n t r o p y w i t h r e s p e c t t o e n e r g y , 
v o l u m e , and m o l e numbers i s o n l y a n e c e s s a r y c o n d i t i o n f o r an ex tremum 
and d o e s n o t e n s u r e t h a t t h e e n t r o p y i s a l w a y s a maximum. To o b t a i n 
c o n d i t i o n s f o r a maximum we a r e o b l i g e d t o i n v e s t i g a t e t h e s e c o n d d e r i ­
v a t i v e s o f t h e f u n c t i o n . 
I t i s more c o n v e n i e n t t o c a r r y o u t t h i s i n v e s t i g a t i o n n o t by 
s t a r t i n g d i r e c t l y from t h e c o n d i t i o n o f t h e e n t r o p y maximum p r i n c i p l e 
b u t from G i b b s f u n c t i o n minimum p r i n c i p l e ( s e e A p p e n d i x B ) . C o n s i d e r a 
s y s t e m i n c o n t a c t w i t h a t e m p e r a t u r e and a p r e s s u r e r e s e r v o i r , t h e r e ­
f o r e f o r e q u i l i b r i u m t h e q u a n t i t y (U - T r S + P r V ) i s a minimum, w h e r e 
U, S , V a r e t h e e n e r g y , e n t r o p y , and v o l u m e o f t h e g i v e n s y s t e m and 
T r and P r a r e t h e t e m p e r a t u r e and p r e s s u r e o f t h e r e s e r v o i r . From t h i s 
c o n s i d e r a t i o n , t h e f o l l o w i n g c o n d i t i o n s c a n b e o b t a i n e d 
C v > 0 , w h e r e C v i s t h e s p e c i f i c h e a t a t (2-11) 
c o n s t a n t v o l u m e , 
and ( d % V ) j < 0 . (2-12) 
C o n d i t i o n s (2-11) and (2-12) a r e c a l l e d t h e r m o d y n a m i c i n e q u a l i t i e s o r 
c o n v e x i t y c o n d i t i o n s f o r t h e r m o d y n a m i c e q u i l i b r i u m . 
B a s i s i n S t a t i s t i c a l M e c h a n i c s 
S t a t i s t i c a l p h y s i c s i s t h e s t u d y o f t h e p a r t i c u l a r l a w s w h i c h 
g o v e r n t h e b e h a v i o r and p r o p e r t i e s o f m a c r o s c o p i c b o d i e s . I t h a s b e e n 
a n e c e s s a r y t o o l f o r s t u d y i n g t h e r m o d y n a m i c s . H e r e we w i l l b r i e f l y 
s u m m a r i z e t h e f o r m u l a e o f s t a t i s t i c a l t h e r m o d y n a m i c s i n t h e f o l l o w i n g 
f a s h i o n t h a t c a n b e q u o t e d t h r o u g h o u t t h i s t h e s i s . 
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I f a s y s t e m had d i s c r e t e quantum s t a t e s 1 , 2 , 3 , . . . w i t h e n e r g y 
E-p E £ , E 3 , t h e n t h e p a r t i t i o n f u n c t i o n i s d e f i n e d a s t h e sum 
o v e r a l l s t a t e s i o f t h e B o l t z m a n n f a c t o r e x p ( - E ^ / k T ) : 
00 
zN~L ex? (-Bi/«r) ( 2 - i 3 ) 
In E q u a t i o n ( 2 - 1 3 ) T i s t h e t e m p e r a t u r e and K i s B o l t z m a n n ' s c o n s t a n t . 
The H e l m h o l t z f r e e e n e r g y F i s r e l a t e d t o t h e p a r t i t i o n f u n c t i o n by t h e 
e q u a t i o n 
C l e a r l y , Z^ and F a r e f u n c t i o n s o f t h e t e m p e r a t u r e and o f w h a t e v e r o t h e r 
v a r i a b l e s a r e n e e d e d t o s p e c i f y t h e s y s t e m ( v o l u m e V, number o f m o l e ­
c u l e s N f o r an a s s e m b l y o f N m o l e c u l e s i n v o l u m e V ) . I f t h e t e m p e r a t u r e 
i s s u f f i c i e n t l y h i g h s o t h a t c l a s s i c a l s t a t i s t i c a l m e c h a n i c s c a n b e 
u s e d , t h e sum i n E q u a t i o n ( 2 - 1 3 ) c a n b e r e p l a c e d by an i n t e g r a l o v e r a l l 
c o o r d i n a t e s and momenta o f t h e s y s t e m . F o r a s y s t e m o f N m o l e c u l e s 
e a c h o f mass m i n a v o l u m e V, t h e i n t e g r a t i o n o v e r t h e momenta c a n b e 
p e r f o r m e d i m m e d i a t e l y , l e a d i n g t o t h e f o l l o w i n g r e s u l t : 
Z N = % 3 " w h e r e A = ( ^/w™TP ( 2 - 1 5 ) 
Q i s c l a s s i c a l c o n f i g u r a t i o n i n t e g r a l , d e f i n e d by t h e f o l l o w i n g e q u a ­
t i o n : 
( 2 - 1 6 ) 
w h e r e £ i s t h e t o t a l p o t e n t i a l e n e r g y . Once f r e e e n e r g y F i s known a s 
a f u n c t i o n o f N, V, and T , a l l t h e t h e r m o d y n a m i c p r o p e r t i e s o f t h e 
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s y s t e m c a n be d e r i v e d . A l t e r n a t i v e l y , o n e may form t h e g r a n d c a n o n i c a l 
p a r t i t i o n f u n c t i o n 
Z(T.ay) ' I z"Q„(T,Q.N) 
w h e r e , i n d d i m e n s i o n s , t h e a c t i v i t y z i s r e l a t e d t o t h e c h e m i c a l p o t e n ­
t i a l >U by 
z ~ e%p ( > % r ) / A d 
( 2 - 1 8 ) 
and t h e n d e r i v e t h e r m o d y n a m i c p r o p e r t i e s f rom 
( 2 - 1 9 ) 
The F i r s t - O r d e r P h a s e T r a n s i t i o n i n S i n g l e - C o m p o n e n t S y s t e m s 
A. P h a s e T r a n s i t i o n 
The c r i t e r i a o f s t a b i l i t y mus t b e s a t i s f i e d by t h e f u n d a m e n t a l 
e q u a t i o n o f any s y s t e m t h a t i s t o r e m a i n h o m o g e n e o u s and s t a b l e . I f 
t h e s t a b i l i t y c r i t e r i a a r e n o t s a t i s f i e d , t h e s y s t e m b r e a k s up i n t o two 
o r more p o r t i o n s i n w h i c h t h e y s a t i s f y t h e s t a b i l i t y c r i t e r i a i n d i v i d ­
u a l l y . The s e p a r a t i o n i s c a l l e d a PHASE TRANSITION. For a f l u i d , t h e 
i n t e n s i v e v a r i a b l e s s u c h a s p r e s s u r e P , t e m p e r a t u r e T and c h e m i c a l 
p o t e n t i a l fX r e m a i n t h e same d u r i n g t h e t r a n s i t i o n , b u t t h e e x t e n s i v e 
p a r a m e t e r s s u c h a s e n t r o p y S and v o l u m e V c h a n g e t h e i r v a l u e s d u r i n g 
t h e t r a n s i t i o n . I n o t h e r w o r d s , t h e f i r s t d e r i v a t i v e s o f a f r e e e n e r g y 
o f a s y s t e m w i t h r e s p e c t t o t h e i n t e n s i v e p a r a m e t e r s a r e d i s c o n t i n u o u s 
f u n c t i o n s ; t h e r e f o r e i t i s c a l l e d t h e f i r s t o r d e r p h a s e t r a n s i t i o n . 
Here we w o u l d l i k e t o o u t l i n e some b a s i c c o n c e p t s c o n c e r n i n g 
p h a s e t r a n s i t i o n i n t h e g e n e r a l f o r m a l i s m o f s t a t i s t i c a l m e c h a n i c s . 
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Thermodynamic L i m i t . The s t a t e m e n t o f t h e ' l i m i t ' c a n b e 
s i m p l y s t a t e d a s t h e v o l u m e o f t h e s y s t e m and number o f t h e s y s t e m 
b e c o m e s i n f i n i t e , w i t h N/V f i x e d . H o w e v e r , w h e t h e r o r n o t t h e t h e r m o ­
dynamic q u a n t i t i e s a f t e r t a k i n g t h e t h e r m o d y n a m i c l i m i t s t i l l s a t i s f y 
t h e t h e r m o d y n a m i c t h e o r i e s h a s n o t y e t b e e n c o m p l e t e l y r i g o r o u s l y 
p r o v e d . N e v e r t h e l e s s , i t i s c l e a r t h a t w i t h o u t t a k i n g t h e t h e r m o d y n a m i c 
l i m i t we c e r t a i n l y c a n n o t h a v e a p h a s e t r a n s i t i o n p r o v i d i n g t h e m o l e c u -
l a r i n t e r a c t i o n h a s a s u f f i c i e n t l y r e p u l s i v e c o r e . T h i s i s s i m p l y 
b e c a u s e t h e i n t e g r a n d i n E q u a t i o n ( 2 - 1 6 ) i s a b o u n d e d a n a l y t i c f u n c t i o n 
o f T (T y 0 , s e e p o s t u l a t e 2 ) and t h e domain o f i n t e g r a t i o n i s f i n i t e , 
o r i n t h e quantum m e c h a n i c a l s y s t e m t h e t r a c e i s m e r e l y t h e a b s o l u t e l y 
c o n v e r g e n t sum o f s i m p l e e x p o n e n t i a l s i n T w h i c h i s a n o n - n e g a t i v e 
q u a n t i t y . ( T h e r e i s no r e a l p o s i t i v e r o o t s o f t h e e q u a t i o n j Z ^ s O f o r 
any f i n i t e V . ) 
Yang and L e e ' s T h e o r y ^ * ^ . In 1 9 5 2 , Yang and Lee e x a m i n e d t h e 
d i s t r i b u t i o n o f z e r o s o f t h e g r a n d p a r t i t i o n f u n c t i o n i n t h e c o m p l e x 
f u g a c i t y p l a n e and t h e p h a s e t r a n s i t i o n o f a s y s t e m o f m o l e c u l e s w i t h a 
h a r d c o r e and f i n i t e - r a n g e a t t r a c t i v e i n t e r a c t i o n . A c o m p l e t e d e s c r i p ­
t i o n o f t h e e q u a t i o n o f s t a t e o f b o t h t h e g a s and c o n d e n s e d p h a s e c a n 
b e o b t a i n e d from t h e same i n t e r a c t i o n t h r o u g h t h e c o n s i d e r a t i o n s o f 
s t a t i s t i c a l m e c h a n i c s , and i t i m p l i e s t h a t m a t h e m a t i c a l l y t h e e q u a t i o n 
o f s t a t e i s r e p r e s e n t e d by s e v e r a l a n a l y t i c a l f u n c t i o n s . The f o l l o w i n g 
two t h e o r e m s form t h e b a s i s o f t h e i r i d e a . 
Theorem 1 . lim [ v'1v)] e x i s t s f o r a l l z > 0 . T h i s l i m i t 
i s i n d e p e n d e n t o f t h e s h a p e o f t h e v o l u m e V and i s a c o n t i n u o u s , n o n -
d e c r e a s i n g f u n c t i o n o f z . I t i s a s s u m e d t h a t a s V - * « o t h e s u r f a c e 
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a r e a o f V i n c r e a s e s no f a s t e r t h a n V 2 ^ . 
Theorem 2 . L e t R b e a r e g i o n i n t h e c o m p l e x z p l a n e t h a t c o n ­
t a i n s a s e g m e n t o f t h e p o s i t i v e r e a l a x i s and c o n t a i n s n o r o o t o f t h e 
e q u a t i o n ^ o r a n v v « Then f o r a l l z i n R t h e q u a n t i t y 
j / " * In £ t ( % * V ) c o n v e r g e s u n i f o r m l y t o a l i m i t a s V - * 0 o . T h i s l i m i t i s 
an a n a l y t i c f u n c t i o n o f z f o r a l l z i n R. 
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Van H o v e ' s T h e o r y . The t h e o r y s t a t e s t h a t t h e e q u a t i o n o f 
s t a t e i n t h e c a n o n i c a l e n s e m b l e i s t h e same a s t h a t i n t h e g r a n d c a n o n ­
i c a l e n s e m b l e . 
Van H o v e ' s t h e o r y h a s d i r e c t p h y s i c a l m e a n i n g . The p r e s s u r e o f 
a m a c r o s c o p i c s y s t e m s h o u l d b e t h e s a m e , w h e t h e r we m e a s u r e i t by c o n ­
f i n i n g t h e s y s t e m w i t h w a l l s and m e a s u r i n g t h e f o r c e p e r u n i t a r e a 
a c t i n g on t h e w a l l s , o r by p r o b i n g a s m a l l v o l u m e i n t h e i n t e r i o r o f 
t h e s y s t e m w i t h a m a n o m e t e r . Thus Van H o v e ' s t h e o r e m m u s t be t r u e , i f 
s t a t i s t i c a l m e c h a n i c s i s t o b e a v a l i d t h e o r y o f m a t t e r . 
B. C r i t i c a l P o i n t 
T h e r e a r e many ways t o d e f i n e o r d e t e r m i n e a c r i t i c a l p o i n t . We 
c a n d e f i n e i t by v a r y i n g t h e t e m p e r a t u r e o r o t h e r t h e r m o d y n a m i c p a r a m ­
e t e r s . Two d i s t i n c t p h a s e s c a n f r e q u e n t l y be made more and more s i m i l a r 
i n t h e i r p r o p e r t i e s u n t i l , u l t i m a t e l y , a t a c e r t a i n CRITICAL POINT, a l l 
d i f f e r e n c e s v a n i s h . Beyond t h i s p o i n t o n l y o n e h o m o g e n e o u s e q u i l i b r i u m 
p h a s e c a n e x i s t and a l l c h a n g e s a r e c o n t i n u o u s and s m o o t h . 
From a n a l y t i c a l a r g u m e n t , we c a n f i n d t h e c r i t i c a l p o i n t by 
' h u n t i n g ' t h e n e a r e s t s i n g u l a r i t y o n t h e r e a l p o s i t i v e a x i s . More p r e ­
c i s e l y we s h o u l d s a y t h a t i f t h e e q u a t i o n o f s t a t e c a n be d e f i n e d i n t h e 
c o m p l e x p l a n e and i n t e r m s o f a power s e r i e s , t h e n i t s a n a l y t i c 
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c o n t i n u a t i o n h a s , on t h e p o s i t i v e r e a l a x i s , a n e a r e s t s i n g u l a r i t y w h i c h 
o c c u r s a t t h e c o n d e n s a t i o n p o i n t . Of c o u r s e , i t i s s t i l l a c o n j e c t u r e d 
f o r m , b u t n e v e r t h e l e s s i t i s a v e r y s u g g e s t i v e way t o l o c a t e t h e c r i t i ­
c a l p o i n t e x a c t l y . 
From t h e s t a b i l i t y c r i t e r i a p o i n t o f v i e w , we c a n d e t e r m i n e t h e 
c r i t i c a l p o i n t by c h e c k i n g t h e c o n d i t i o n f o r c r i t i c a l s t a b l e e q u i l i b r i u m 
I t i s f o u n d t h a t t h e f o l l o w i n g c o n d i t i o n s c a n b e d e r i v e d from t h e c o n d i -
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t i o n f o r t h e c r i t i c a l s t a b l e e q u i l i b r i u m ' : 
(2-20) 
H e r e we w o u l d l i k e t o r a i s e a c o n t r o v e r s i a l p r o b l e m c o n c e r n i n g w h e t h e r 
t h e s i n g u l a r i t y a p p e a r i n g i n t h e t h e r m o d y n a m i c p o t e n t i a l w h i c h l o c a t e s 
t h e c r i t i c a l p o i n t i s an e s s e n t i a l s i n g u l a r i t y o r n o t . E x p e r i m e n t a l i s t s 
h a v e n o t b e e n a b l e t o i d e n t i f y t h a t t h e s i n g u l a r i t y i s an e s s e n t i a l 
s i n g u l a r i t y , b u t s e v e r a l t h e o r e t i c a l p r o o f s h a v e shown t h a t i t i s an 
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e s s e n t i a l s i n g u l a r i t y by d i f f e r e n t m o d e l s . H o w e v e r , t h e r e i s no 
r i g o r o u s p r o o f t h r o u g h s t a t i s t i c a l m e c h a n i c s , t h e r e f o r e no c o n c l u s i o n 
c a n b e made a t t h i s moment . 
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C. P r o p e r t i e s o f a F l u i d n e a r t h e C r i t i c a l P o i n t ' 
By e x p e r i m e n t s we o b s e r v e t h a t v a r i o u s t h e r m o d y n a m i c a l q u a n t i t i e s 
s u c h a s s p e c i f i c h e a t s , d e n s i t y d e v i a t i o n s from t h e c r i t i c a l p o i n t , e t c . 
d i v e r g e t o i n f i n i t y o r c o n v e r g e t o z e r o a s t h e t e m p e r a t u r e and o t h e r 
t h e r m o d y n a m i c v a r i a b l e a p p r o a c h e s i t s c r i t i c a l p o i n t v a l u e . I t i s 
a p p r o p r i a t e t o p r e s e n t a f e w m a t h e m a t i c a l d e f i n i t i o n s w h i c h e n a b l e 
c r i t i c a l b e h a v i o r t o b e c h a r a c t e r i z e d n u m e r i c a l l y . A p o s i t i v e f u n c t i o n 
f ( x ) i s d e f i n e d f o r a p h y s i c a l q u a n t i t y n e a r t h e c r i t i c a l p o i n t . I f 
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i t v a r i e s a s x^- when x a p p r o a c h e s z e r o from a b o v e , we may w r i t e i t more 
p r e c i s e l y a s t h e f o l l o w i n g f o r m : 
Lim { MfO°/ /nxj = ( 2 - 2 1 ) 
Of c o u r s e t h e e x i s t e n c e o f t h e e x p o n e n t d o e s n o t mean t h a t f ( x ) i s s i m -
p l y p r o p o r t i o n a l t o x ^ . One mus t a l w a y s e x p e c t c o r r e c t i o n t e r m s o f 
h i g h e r o r d e r . By t h i s m a t h e m a t i c a l form we c a n d e f i n e t h e c r i t i c a l 
e x p o n e n t s w h i c h c h a r a c t e r i z e t h e p r o p e r t i e s o f a f l u i d n e a r t h e c r i t i ­
c a l p o i n t . 
C o e x i s t e n c e C u r v e . A p p r o a c h i n g t h e c r i t i c a l t e m p e r a t u r e from 
b e l o w t h e f l u i d i s c h a r a c t e r i z e d a t T c by t h e v a n i s h i n g o f t h e d i f f e r ­
e n c e b e t w e e n t h e d e n s i t i e s o f g a s and l i q u i d c o e x i s t i n g a t a c h e m i c a l 
p o t e n t i a l ^ ^ ( T ) and p r e s s u r e P f f ( T ) . We d e f i n e t h e e x p o n e n t jb and 
a m p l i t u d e B by 
— ~ - —
 &
 \ ~ ^ T ) ( 2 - 2 2 ) 
Pc It 
I s o t h e r m a l C o m p r e s s i b i l i t y K^. A p p r o a c h i n g t h e c r i t i c a l t e m p e r a ­
t u r e f rom a b o v e , t h e c r i t i c a l p o i n t i s m o s t r e a d i l y c h a r a c t e r i z e d by t h e 
d i v e r g e n c e o f t h e i s o t h e r m a l c o m p r e s s i b i l i t y 
On t h e c r i t i c a l i s o c h o r e , p » ^ , t h i s d i v e r g e n c e may be d e s c r i b e d by 
* rC I ^ ) " r ( 2 - 2 4 ) 
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On t h e c o e x i s t e n c e c u r v e , t h i s d i v e r g e n c e may be d e s c r i b e d by 
K T - T ' C ^ T O *
 ( 2. 2 5 ) 
C r i t i c a l I s o t h e r m . S i n c e b e c o m e s i n f i n i t e a t t h e c r i t i c a l 
p o i n t , t h e c r i t i c a l i s o t h e r m (P v s V) b e c o m e s h o r i z o n t a l a t t h e c r i t i ­
c a l p o i n t . To d e s c r i b e i t s s h a p e we may d e f i n e an e x p o n e n t $ a s 
P-PE « A (P-FC) I P-I°E| < T » T « ) ( 2 - 2 6 ) 
S p e c i f i c H e a t a t t h e C o n s t a n t V o l u m e . R e c e n t l y e x p e r i m e n t s h a v e 
f o u n d t h a t f o r v a r i o u s g a s e s t h e s p e c i f i c h e a t a t c o n s t a n t v o l u m e i n ­
c r e a s e s r a p i d l y n e a r T , a p p a r e n t l y d i v e r g i n g t o i n f i n i t y i n a r o u g h l y 
l o g a r i t h m i c m a n n e r . 4 ' * * We may w r i t e 
= -A' i*S J 6' . T<TC 
( 2 - 2 7 ) 
H o w e v e r , f o r t h e d i v e r g e n c e more r a p i d t h a n t h e l o g a r i t h m i c 
manner we d e f i n e an e x p o n e n t oC a s f o l l o w s : 
( 2 - 2 8 ) 
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D. I n e q u a l i t i e s f o r C r i t i c a l E x p o n e n t s 
R e c e n t l y i t was d i s c o v e r e d t h a t c e r t a i n q u i t e g e n e r a l i n e q u a l i ­
t i e s c a n b e p r o v e d by t h e r m o d y n a m i c s ( t h e c o n v e x i t y c o n d i t i o n s f o r e q u i ­
l i b r i u m ) , b e t w e e n t h e e x p o n e n t s ck, j $ , f , and £ . T h e s e r e s u l t s a r e 
r i g o r o u s and o f w i d e a p p l i c a t i o n . 
R u s h b r o o k e i n e q u a l i t y 2 0 : + 2f$ + f > 2 ( 2 - 2 9 ) 
G r i f f i t h s i n e q u a l i t y 2 1 : >2 ( 2 - 3 0 ) 
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A l s o , on t h e b a s i s o f h e u r i s t i c a r g u m e n t s Widom c o n j e c t u r e d 
t h a t t h e e x p o n e n t f o r t h e c r i t i c a l i s o t h e r m , c o e x i s t e n c e c u r v e and 
i s o t h e r m a l c o m p r e s s i b i l i t y w e r e i n g e n e r a l r e l a t e d by 
r ' = p ( S - » ( 2 - 3 1 ) 
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F i s h e r c o n j e c t u r e d t h a t t h e i n d i c e s f o r t h e s p e c i f i c h e a t , c o e x i s t e n c e 
c u r v e and c o m p r e s s i b i l i t y w e r e i n g e n e r a l r e l a t e d by 
CL' + 2& + r' = 2 
' ( 2 - 3 2 ) 
w h i c h i s b a s e d on a p h e n o m e n o l o g i c a l a r g u m e n t r e l a t e d t o t h e F r e n k e l -
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Band ' p i c t u r e o f c o n d e n s a t i o n . 
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CHAPTER I I I 
MOLECULAR FORCE AND PHASE TRANSITION 
The f i r s t t h e o r y o f p h a s e t r a n s i t i o n was t h a t o f v a n d e r W a a l s . 
An e s s e n t i a l e q u i v a l e n t ( m a t h e m a t i c a l l y ) t h o e r y o f s p o n t a n e o u s m a g n e t i ­
z a t i o n i s a s s o c i a t e d w i t h t h e names o f C u r i e and W e i s s and we a l s o owe 
an a l m o s t i d e n t i c a l t h e o r y o f t r a n s i t i o n phenomena i n b i n a r y a l l o y s t o 
B r a g g and W i l l i a m s . The v a n d e r W a a l s - l i k e t h o e r i e s a r e b a s e d on t h e 
a s s u m p t i o n t h a t t h e a t t r a c t i v e i n t e r a c t i o n s a r e weak and o f l o n g r a n g e . 
T h e s e t h e o r i e s c a n b e d e r i v e d on t h e b a s i s o f a h i g h l y o v e r s i m p l i f i e d 
m o l e c u l a r m o d e l , b u t b a s i c a l l y i t i s a r e s u l t o f e m p i r i c a l c u r v e f i t t i n g . 
For many s i m p l e s u b s t a n c e s t h e v a n d e r W a a l s - l i k e t h e o r i e s r e p r e s e n t t h e 
p r o p e r t i e s q u i t e w e l l a b o v e and b e l o w t h e c r i t i c a l p o i n t . H o w e v e r , t h e i r 
a n a l y s i s h a s come u n d e r a t t a c k from b o t h more p r e c i s e e x p e r i m e n t s and 
more r i g o r o u s t h e o r i e s . The h e a t c a p a c i t y m e a s u r e m e n t s s u g g e s t s t h a t 
' a n o m a l i e s ' n e a r t h e c r i t i c a l p o i n t e x i s t w h i c h a r e n o t p r e s e n t i n t h e i r 
t r e a t m e n t and s e v e r a l t h e o r e t i c a l m o d e l s w i t h f i n i t e r a n g e a t t r a c t i v e 
f o r c e s p r e s e n t l y a v a i l a b l e s u g g e s t ' a n o m a l i e s ' s i m i l a r t o t h o s e f o u n d 
i n n a t u r e . P e r h a p s t h e s t r o n g e s t b l o w a g a i n s t t h e s e t h e o r i e s h a s come 
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from O n s a g e r ' s e x a c t s o l u t i o n o f t h e t w o - d i m e n s i o n a l I s i n g m o d e l , 
m a i n l y b e c a u s e t h e r i g o r o u s l y e s t a b l i s h e d f a c t t h a t t h e s p e c i f i c h e a t 
h a s a l o g a r i t h m i c s i n g u l a r i t y was i n d i r e c t c o n t r a d i c t i o n w i t h p r e d i c ­
t i o n s o f t h e t h e o r i e s b a s e d upon t h e a s s u m p t i o n o f w e a k , l o n g r a n g e 
f o r c e s , n a m e l y , t h a t t h e s p e c i f i c h e a t h a s a jump d i s c o n t i n u i t y . 
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I n t h i s c h a p t e r we w o u l d l i k e t o d i s c u s s b r i e f l y t h e s e two m o d e l s , 
e s p e c i a l l y t h e i r n a t u r e n e a r t h e c r i t i c a l p o i n t . At t h e same t i m e we 
s h a l l g e t some i n s i g h t a b o u t t h e w e l l - k n o w n t w o p r o b l e m s i n t h e s t u d y 
o f t h e p h a s e t r a n s i t i o n : WHAT ARE THE INTERACTIONS RESPONSIBLE FOR THE 
TRANSITIONS? HOW TO HANDLE THE STATISTICAL MECHANICS ONCE THE FORCES 
ARE KNOWN? 
v a n d e r W a a l s ' T h e o r y 
A. v a n d e r W a a l s ' E q u a t i o n o f S t a t e 
Van d e r Waal s a t t e m p t e d t o f i n d a s i m p l e q u a l i t a t i v e way t o 
i m p r o v e t h e e q u a t i o n o f s t a t e o f a d i l u t e g a s by i n c o r p o r a t i n g t h e e f f e c t s 
o f m o l e c u l a r i n t e r a c t i o n . The r e s u l t i s t h e v a n d e r W a a l s 1 e q u a t i o n o f 
s t a t e . 
I n m o s t s u b s t a n c e s t h e p o t e n t i a l e n e r g y b e t w e e n two m o l e c u l e s a s 
a f u n c t i o n o f t h e i n t e r m o l e c u l a r s e p a r a t i o n h a s t h e q u a l i t a t i v e s h a p e 
shown i n t h e F i g u r e 3 - 1 . The a t t r a c t i v e p a r t o f t h e p o t e n t i a l e n e r g y 
o r i g i n a t e s from t h e m u t u a l e l e c t r i c p o l a r i z a t i o n o f t h e two m o l e c u l e s 
and t h e r e p u l s i v e p a r t from t h e Coulomb r e p u l s i o n o f t h e o v e r l a p p i n g 
e l e c t r o n i c c l o u d s o f t h e m o l e c u l e s . Van d e r Waal s i d e a l i z e d t h e s i t u a ­
t i o n b y a p p r o x i m a t i n g t h e r e p u l s i v e p a r t by an i n f i n i t e h a r d - s p h e r e 
r e p u l s i o n , s o t h a t t h e p o t e n t i a l e n e r g y l o o k s l i k e t h a t i l l u s t r a t e d i n 
F i g u r e 3 - 2 . Thus e a c h m o l e c u l e i s i m a g i n e d t o b e a h a r d s p h e r e o f d i a m ­
e t e r d , s u r r o u n d e d by an a t t r a c t i v e f o r c e f i e l d . The e f f e c t s o f t h e 
r e p u l s i v e and a t t r a c t i v e p a r t s a r e t h e n d i s c u s s e d s e p a r a t e l y . 
The m a i n e f f e c t o f t h e h a r d c o r e w o u l d b e t o f o r b i d t h e p r e s e n c e 
o f any o t h e r m o l e c u l e i n a c e r t a i n v o l u m e c e n t e r e d a b o u t a m o l e c u l e . I f 
Potent ial Energy 
Figure 3 -1 . Typical Intermolecular Potent ia l 
between Two Molecules 
Potent ial Energy 
Figure 3-2 . Ideal ized Intermolecular Potent ia l 
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V i s t h e t o t a l v o l u m e o c c u p i e d by a s u b s t a n c e , t h e e f f e c t i v e v o l u m e 
a v a i l a b l e t o o n e o f i t s m o l e c u l e s w o u l d b e s m a l l e r t h a n V by t h e t o t a l ­
i t y o f s u c h e x c l u d e d v o l u m e s , w h i c h i s a c o n s t a n t d e p e n d i n g on t h e num­
b e r o f m o l e c u l e s p r e s e n t : 
V e f f - V - b (3-1) 
w h e r e b i s a c o n s t a n t c h a r a c t e r i s t i c o f t h e s u b s t a n c e u n d e r c o n s i d e r a t i o n 
The q u a l i t a t i v e e f f e c t o f t h e a t t r a c t i v e p a r t o f t h e p o t e n t i a l 
e n e r g y i s a t e n d e n c y f o r t h e s y s t e m t o form a bound s t a t e . I f t h e 
a t t r a c t i o n i s s u f f i c i e n t l y s t r o n g , t h e s y s t e m w i l l e x i s t i n an N-body 
bound s t a t e w h i c h r e q u i r e s n o e x t e r n a l w a l l t o c o n t a i n i t . Thus we may 
a s s u m e t h a t t h e a t t r a c t i o n p r o d u c e s a d e c r e a s e i n t h e p r e s s u r e t h a t t h e 
s y s t e m e x e r t s on an e x t e r n a l w a l l . The amount o f d e c r e a s e i s p r o p o r ­
t i o n a l t o t h e number o f p a i r s o f m o l e c u l e s , w i t h i n t h e i n t e r a c t i o n r a n g e , 
i n a l a y e r n e a r t h e w a l l . T h i s i n t u r n i s r o u g h l y p r o p o r t i o n a l t o 
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N /V . S i n c e N and t h e r a n g e o f i n t e r a c t i o n a r e c o n s t a n t s , t h e t r u e 
p r e s s u r e P o f t h e s y s t e m may d e c o m p o s e d i n t o two p a r t s : 
P
 •
 Pkinetic - ^ < 3- 2> 
w h e r e a i s a n o t h e r c o n s t a n t c h a r a c t e r i s t i c o f t h e s y s t e m and P, . 
k i n e t i c 
i s d e f i n e d by t h e e q u a t i o n i t s e l f . 
The h y p o t h e s i s o f v a n d e r W a a l s ' i s t h a t f o r 1 m o l e o f t h e s u b ­
s t a n c e 
V , , P t . = RT ( 3 - 3 ) e f f k i n e t i c 
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w h e r e R i s t h e g a s c o n s t a n t . T h e r e f o r e t h e e q u a t i o n o f s t a t e i s 
(V - b ) ( P + a / V 2 ) = RT ( 3 - 3 ) 
T h i s i s t h e VAN DER WALLS' EQUATION OF STATE. 
B. M a x w e l l C o n s t r u c t i o n and S t a b i l i t y C r i t e r i o n 
f o r v a n d e r W a a l s 1 E q u a t i o n o f S t a t e 
From t h e e q u a t i o n o f s t a t e d e r i v e d by v a n d e r W a a l s , we n o t e 
i m m e d i a t e l y t h a t t h e e q u a t i o n o f s t a t e d o e s n o t e v e r y w h e r e s a t i s f y t h e 
c r i t e r i a o f i n t r i n s i c s t a b i l i t y . F o r one o f t h e c r i t e r i a i s t h a t 
( s e e E q u a t i o n 2 - 1 2 ) 
(2p/av)T< 0 
and t h i s c o n d i t i o n i s v i o l a t e d o v e r t h e p o r t i o n FKM o f a t y p i c a l i s o ­
t h e r m w h i c h i s shown i n F i g u r e 3 - 3 , A p h a s e t r a n s i t i o n c o n s e q u e n t l y 
m u s t o c c u r i n t h i s s u b s t a n c e , and we s h a l l s e e t h a t t h e c h a r a c t e r i s t i c s 
o f t h i s t r a n s i t i o n c a n b e s t u d i e d on t h e b a s i s o f t h e e q u a t i o n o f s t a t e 
o f F i g u r e 3 - 3 . The ' k i n k ' i n t h i s t y p i c a l i s o t h e r m may be a t t r i b u t e d 
t o t h e i m p l i c i t a s s u m p t i o n t h a t t h e s y s t e m i s h o m o g e n e o u s , w i t h n o 
a l l o w a n c e made f o r t h e p o s s i b l e c o e x i s t e n c e o f two p h a s e s . The s i t u a ­
t i o n may be i m p r o v e d by m a k i n g what i s c a l l e d a M a x w e l l c o n s t r u c t i o n i n 
t h e f o l l o w i n g m a n n e r . We a s k w h e t h e r i t i s p o s s i b l e t o h a v e two d i f f e r ­
e n t s t a t e s o f v a n d e r W a a l s ' s y s t e m c o e x i s t i n g i n e q u i l i b r i u m . I t i s 
i m m e d i a t e l y o b v i o u s t h a t f o r t h i s t o b e p o s s i b l e t h e two s t a t e s mus t 
h a v e t h e same P and T. T h e r e f o r e o n l y s t a t e s l i k e t h o s e a t v o l u m e s V D , 
V^, V n i n F i g u r e 3 - 3 n e e d b e c o n s i d e r e d a s c a n d i d a t e s . The f u r t h e r 
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principle we apply is the minimization free energy. Let the temperature 
and the total volume of system be fixed. Then we assume the system is 
either in one homogeneous phase, or is composed of more than one phase. 
The situation that satisfies the minimum energy principle is the equili­
brium state. 
The free energy may be calculated by integrating PdV along an 
isotherm: 
This may be done graphically, as shown in Figure 3-3b. It is seen that 
the state 0 and D can coexist because they have the same T and P (same 
slope). Further the point J 1 represents a state in which part of the 
system is in state 0 and part in state D, because the free energy of 
this state is a linear combination of those of 0 and D. We note that 
point j" lies lower than point J, which represents the free energy of a 
homogeneous system at the same T and V. Hence J', the phase separation 
case, is the equilibrium situation. Thus between the points 0 and D on 
the isotherm the system breaks up into two phases, with the pressure 
remaining constant. In other words, the system undergoes a first order 
phase transition. In the P-V diagram (Figures 3-3a) the point 0 and D 
are so located that areas and A^ are equal. To show this, let us 




F i g u r e 3 - 3 . M a x w e l l C o n s t r u c t i o n 
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C o m b i n i n g t h e s e we c a n w r i t e 
o r 
P dV 
w h o s e g e o m e t r i c a l m e a n i n g i s p r e c i s e l y A^ = A^. The g e o m e t r i c a l c o n ­
s t r u c t i o n shown i n F i g u r e 3 - 3 a i s known a s M a x w e l l c o n s t r u c t i o n . 
The v a n d e r W a a l s ' e q u a t i o n o f s t a t e and t h e M a x w e l l c o n s t r u c t i o n 
a r e i n s t r u c t i v e e x a m p l e s , b u t t h e y h a v e n o f o u n d a t i o n o t h e r t h a n a 
h e u r i s t i c o n e . The h y p o t h e s i s t h a t l e d t o t h e v a n d e r W a a l s ' e q u a t i o n 
i s ad h o c . The same may b e s a i d o f t h e a s s u m p t i o n u n d e r l y i n g t h e Max­
w e l l c o n s t r u c t i o n . 
C. C r i t i c a l Phenomena f o r t h e v a n d e r W a a l s ' E q u a t i o n o f S t a t e 
i s o t h e r m o f F i g u r e 3 - 3 and as sume t h a t a s y s t e m h a s a p r e s s u r e p r e c i s e l y 
e q u a l t o t h a t a t w h i c h t h e p h a s e t r a n s i t i o n o c c u r s . Then t h e s y s t e m may 
e q u a l l y w e l l be i n t h e s t a t e D o r i n t h e s t a t e 0 , o r any a r b i t r a r y f r a c ­
t i o n o f t h e s y s t e m may b e i n t h e s t a t e D and t h e r e m a i n d e r i n t h e s t a t e 
0 , I f f r a c t i o n f^ o f a s y s t e m i s t h e l e s s c o n d e n s e d p h a s e , i n e q u i l i ­
b r i u m w i t h a f r a c t i o n f i n t h e more c o n d e n s e d p h a s e , w h e r e f^ + f = 1 , 
0 D 0 
t h e a v e r a g e m o l a r v o l u m e v o f t h e t o t a l s y s t e m i s c l e a r l y 
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The D i s c o n t i n u i t y i n t h e V o l u m e - - t h e L e v e r R u l e . C o n s i d e r t h e 
v, ' = f V + f V 
T D D 0 0 
( 3 - 6 ) 
+ f (v - v ) 
0 D D 0 
( 3 - 7 ) 
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The s t a t e o f s u c h a m i x t u r e i s r e p r e s e n t e d by a p o i n t a t t h e a p p r o p r i a t e 
v a l u e o f v on t h e s t r a i g h t l i n e c o n n e c t i n g t h e p o i n t s 0 and D, a s shown 
by t h e s t a t e T i n F i g u r e 3 - 3 . The r e l a t i o n s h i p o f s u c h a s t a t e , r e p r e ­
s e n t i n g a two p h a s e s y s t e m , and t h e m o l e f r a c t i o n s o f e a c h o f t h e p h a s e s , 
i s e x p r e s s e d by t h e l e v e r r u l e w h i c h s t a t e s t h a t t h e m o l e f r a c t i o n s o f 
t h e two p h a s e s r e p r e s e n t e d by t h e p o i n t T a r e i n i n v e r s e r a t i o t o t h e 
d i s t a n c e s from T t o t h e p o i n t s 0 and D. 
From t h i s we c a n c o n c l u d e t h a t a l t h o u g h t h e v o l u m e o f a s y s t e m i s m a t h e ­
m a t i c a l l y d i s c o n t i n u o u s f u n c t i o n o f t h e p r e s s u r e a l o n g t h e i s o t h e r m , t h i s 
i s n o t n e c e s s a r i l y a p h y s i c a l l y d i s c o n t i n u o u s p r o c e s s . A s y s t e m b r o u g h t 
a l o n g t h e i s o t h e r m from A t o S c h a n g e s i t s t o t a l v o l u m e c o n t i n u o u s l y , 
h o l d i n g i t s p r e s s u r e c o n s t a n t w h i l e p a s s i n g from D t o 0 and t a k i n g 
a d v a n t a g e o f t h e c o e x i s t e n c e o f two p h a s e s , w h i c h i s p o s s i b l e a t t h a t 
p a r t i c u l a r p r e s s u r e . 
The D i s c o n t i n u i t y o f t h e E n t r o p y - - L a t e n t H e a t . We m e n t i o n e d i n 
C h a p t e r I I f o r t h e f i r s t o r d e r p h a s e t r a n s i t i o n t h a t n o t o n l y i s t h e r e 
a n o n z e r o c h a n g e i n t h e v o l u m e , b u t t h e r e a r e a s s o c i a t e d n o n z e r o c h a n g e s 
i n t h e m o l a r e n e r g y and t h e m o l a r e n t r o p y a s w e l l . The c h a n g e i n t h e 
e n t r o p y c a n b e c o m p u t e d by i n t e g r a t i n g t h e q u a n t i t y 
We h a v e 
f / f = (V - v m ) / ( v m -0 D D T T ( 3 - 8 ) 
d5 
( 3 - 9 ) 
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along the isotherm OMKFD in Figure 3-3a. By Maxwell's relation, 
( 3 s / d V ) T =(«Jp/dT)^, alternatively, we can write 
^ - 5 P - J . - J O H K „ ( 3 . l 0 , 
A geometrical interpretation of this entropy difference, in terms of the 
area between neighboring isotherms, is shown in the Figure 3-4. The 
change in the molar entropy is associated with a flux of heat between 
the system and the reservoir. The heat is simply T As and is called the 
latent heat per mole JL . To be explicit, we shall indicate the order in 
which the molar entropies appear on the right by subscripts on j£ : 
ADO = T < S D " so> ( 3- u> 
Thus JJDQ is the heat emitted by a mole of material making the transition 
from D to 0 . As the system is transformed at fixed temperature and 
pressure from the pure phase 0 to the pure phase D, it absorbs an amount 
of heat per mole equal to JJ^Q = T A S . The volume change per mole is 
AV = - VQ, and this is associated with a transfer of work equal to 
P AV. Consequently, the total change in the molar energy is 
AU = Up - U 0 = T 4 S - P A V (3-12) 
Phase Loci--Coexistence Curve. As indicated in Figure 3-3, we 
have seen that the stability criteria enable us to classify the isotherm 
shown into three portions. The portion to the left of 0 is associated 
with one phase, liquid phase; the portion OMKFD is rejected as unstable, 
by Maxwell construction we get the coexisting two phase equilibrium 
F i g u r e 3 - 4 . G e o m e t r i c a l I n t e r p r e t a t i o n o f t h e E n t r o p y 
D i f f e r e n c e b e t w e e n D i f f e r e n t I s o t h e r m s 
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s t a t e , whereas the portion to the right of D i s associated with a second 
phase, gaseous phase. The t o t a l P-V diagram may be divided accordingly 
by drawing a curve through the phase t rans i t i on points 0 and D of each 
isotherm, as indicated in Figure 3-5 . Then a system with pressure P 
and molar volume V in the lower far right portion i s in the gaseous 
phase; in the lower l e f t portion i t i s in the l iquid phase, and within 
the inverted parabola- l ike locus i t i s a mixture of l iquid and gaseous 
phases in accordance with the lever ru le . The inverted parabola- l ike 
curve i s known as the coexistence curve, and the point O 3 D 3 in Figure 
3*5 i s known as the c r i t i c a l point . As pointed out in the l a s t s e c t i o n , 
the system led from the l iquid to the gaseous regions by a path that 
transforms continuously and smoothly without undergoing any discontinuous 
a l t e r a t i o n in i t s physical process for temperatures above T^. 
Cr i t i ca l Point of the van der Waals' Equation of State . In 
Chapter II we noticed that the c r i t i c a l point for a simple system can 
be determined by Equation (2-20) . Apply the condition (2-20) to the 
van der Waals' equation of s t a t e , Equation ( 3 - 4 ) , we can therefore find 
the c r i t i c a l temperature, c r i t i c a l volume and c r i t i c a l pressure in terms 
of van der Waals 1 constant a and b, we have 
RT = 8a/27b , P = a /27b 2 , V = 3b (3-13) 
c c c 
Let us measure P in units of P , T on units of T , and V in units of V : 
c ' c c 
P = P/P , T = T/T , V = V/V 
c c 1 
(3-14) 
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F i g u r e 3 - 5 . P-V D i a g r a m o f t h e v a n d e r W a a l s 
E q u a t i o n o f S t a t e 
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Then t h e v a n d e r W a a l s 1 e q u a t i o n o f s t a t e b e c o m e s 
(P + 3 / V 2 ) ( V - 1 / 3 ) = 8 / 3 T ( 3 - 1 5 ) 
T h i s i s a REMARKABLE e q u a t i o n b e c a u s e i t d o e s n o t e x p l i c i t l y c o n t a i n 
any c o n s t a n t c h a r a c t e r i s t i c s o f t h e s u b s t a n c e . I f t h e v a n d e r W a a l s 1 
h y p o t h e s i s w e r e c o r r e c t , E q u a t i o n ( 3 - 1 5 ) w o u l d h o l d f o r a l l s u b s t a n c e s . 
The a s s e r t i o n t h a t t h e e q u a t i o n o f s t a t e when e x p r e s s e d i n t e r m s o f P , 
V, and T i s a u n i v e r s a l e q u a t i o n v a l i d f o r a l l s u b s t a n c e s i s c a l l e d 
t h e l a w o f c o r r e s p o n d i n g s t a t e s . 
P r o p e r t i e s n e a r t h e C r i t i c a l P o i n t f o r t h e v a n d e r W a a l s 1 T h e o r y . 
c r i b e t h e t h e r m o d y n a m i c b e h a v i o r i n t h e v i c i n i t y o f t h e c r i t i c a l p o i n t . 
H e r e we s i m p l y s t a t e t h e r e s u l t s o f t h e s e c r i t i c a l e x p o n e n t s d e r i v e d 
from E q u a t i o n s ( 3 - 4 ) , ( 3 - 1 3 ) and t h e d e f i n i t i o n s o f t h e t h e r m o d y n a m i c 
q u a l i t i e s s u c h a s i s o t h e r m a l c o m p r e s s i b i l i t y , s p e c i f i c h e a t a t c o n s t a n t 
v o l u m e , e t c . 
The C o e x i s t e n c e C u r v e : t h e c o e x i s t e n c e c u r v e f o r t h e v a n d e r 
W a a l s 1 t h e o r y f o l l o w s a s q u a r e r o o t l a w , i . e . t h e d i f f e r e n c e b e t w e e n 
l i q u i d and g a s e o u s d e n s i t i e s v a n i s h e s a s 
From C h a p t e r I I , we know t h e c r i t i c a l e x p o n e n t s d e s -
PL ' PG = (TC "T)2 ( T-*v ) ; ( 3 - 1 6 ) 
t h e c r i t i c a l e x p o n e n t 
( 3 - 1 7 ) 
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The I s o t h e r m a l C o m p r e s s i b i l i t y Kj,: t h e c o m p r e s s i b i l i t y a l o n g 
t h e c r i t i c a l i s o c h o r e d i v e r g e s a s a s i m p l e p o l e , 
t h e c r i t i c a l e x p o n e n t 
r = 1 ( 3 - 1 9 ) 
The S p e c i f i c H e a t a t C o n s t a n t Volume C^: t h e s p e c i f i c h e a t a t 
c o n s t a n t v o l u m e a l o n g t h e c r i t i c a l i s o c h o r e r i s e s t o a maximum and t h e n 
f a l l s d i s c o n t i n u o u s l y a s T i n c r e a s e s t h r o u g h T , i . e . 
C V C T ) ~ C e * - D* I T - T c l , T ? T C 
w i t h C : - C " c — AC > o < 3 - 2 ° ) 
t h e c r i t i c a l e x p o n e n t 
ck = 0 , . (3-21) d i s c o n . 
The C r i t i c a l I s o t h e r m : t h e s a h p e o f t h e c r i t i c a l i s o t h e r m c a n b e 
d e s c r i b e d by t h e f o l l o w i n g r e l a t i o n : 
Ap - / P-Pc/ « A l p - P e l * 
( 3 - 2 2 ) 
t h e c r i t i c a l e x p o n e n t 
$ = 3 ( 3 - 2 3 ) 
R e l a t i o n s among t h e C r i t i c a l E x p o n e n t s : t h e c r i t i c a l e x p o n e n t s 
f o r t h e v a n d e r W a a l s 1 t h e o r y s a t i s f y t h e f o l l o w i n g r e l a t i o n s h i p s : 
oL + + r « 2 ( 3 - 2 4 ) 
( 3 - 2 5 ) 
T h e s e two e q u a l i t i e s s a t i s f y b o t h Widom and F i s h e r ' s c o n j e c t u r e s , g i v e n 
i n E q u a t i o n s ( 2 - 3 1 ) and ( 2 - 3 2 ) . 
h a v e a s e r i e s o f d i s c u s s i o n s o f t h e v a n d e r W a a l s 1 t h e o r y o f t h e v a p o r -
l i q u i d e q u i l i b r i u m by u s e o f a o n e - d i m e n s i o n a l f l u i d m o d e l w h e r e t h e 
p a i r i n t e r a c t i o n p o t e n t i a l b e t w e e n t h e m o l e c u l e s c o n s i s t o f a h a r d c o r e 
and an e x p o n e n t i a l a t t r a c t i o n . For t h i s o n e d i m e n s i o n a l m o d e l , t h e y h a v e 
shown t h a t t h e p a r t i t i o n f u n c t i o n c a n b e d e t e r m i n e d e x a c t l y i n t h e t h e r m o ­
dynamic l i m i t , i n t h e s o - c a l l e d v a n d e r W a a l s 1 l i m i t when t h e r a n g e o f 
t h e a t t r a c t i v e f o r c e g o e s t o i n f i n i t y w h i l e i t s s t r e n g t h b e c o m e s p r o ­
p o r t i o n a l l y w e a k e r . A p h a s e t r a n s i t i o n a p p e a r s w h i c h i s d e s c r i b e d 
e x a c t l y b y t h e v a n d e r W a a l s ' e q u a t i o n p l u s t h e M a x w e l l e q u a l - a r e a r u l e 
( M a x w e l l c o n s t r u c t i o n ) . The m a i n t o o l o f t h e i r a n a l y s i s c a n b e b r i e f l y 
d i s c u s s e d i n t h e f o l l o w i n g f a s h i o n : t h e p a r t i t i o n f u n c t i o n o f t h i s 
p a r t i c u l a r m o d e l c a n b e e x a c t l y d e t e r m i n e d i n t h e t h e r m o d y n a m i c l i m i t as 
a n i n t e g r a l e q u a t i o n . From t h i s b a s i c i n t e g r a l e q u a t i o n , an a p p r o p r i a t e 
p e r t u r b a t i o n m e t h o d i s a p p l i e d a l o n g w i t h t h e v a n d e r W a a l s ' l i m i t . I t 
i s s e e n t h a t t h e p h a s e t r a n s i t i o n p e r s i s t s i n any o r d e r o f t h e p e r t u r -
D. R e c e n t D e v e l o p m e n t o f t h e v a n d e r W a a l s ' T h e o r y 
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K a c , Hemmer and U h l e n b e c k . ' I n 1 9 6 3 , Kac I n 1 9 6 3 , K a c , Hemmer and U h l e n b e c k 
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b a t i o n . The two p h a s e e q u i l i b r i u m i s c h a r a c t e r i z e d by t h e f a c t t h a t i n 
t h i s r a n g e o f d e n s i t y , t h e maximum e i g e n v a l u e o f t h e i n t e g r a l e q u a t i o n 
i s d o u b l y d e g e n e r a t e and t h a t t h e c o r r e s p o n d i n g two d i s t r i b u t i o n f u n c ­
t i o n s o f p a r t i c l e s do n o t o v e r l a p . T h e i r a n a l y s i s p r o v i d e s t h e f i r s t 
r i g o r o u s s t a t i s t i c a l m e c h a n i c a l b a s i s f o r v a n d e r W a a l s 1 e q u a t i o n o f 
s t a t e . 
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L e b o w i t z and P e n r o s e . In 1966 L e b o w i t z and P e n r o s e e x t e n d e d K a c , 
Hemmer, and U h l e n b e c k ' s work t o h i g h e r d i m e n s i o n s and t o more g e n e r a l 
i n t e r p a r t i c l e p o t e n t i a l s o f t h e form v ( r ) = q ( r ) + U * * ^ ( y r ) , w h e r e 
i s t h e d i m e n s i o n a l i t y o f t h e s p a c e , and p a r a m e t e r 2f i s p r o p o r t i o n a l t o 
t h e r e c i p r o c a l o f t h e i n t e r a c t i o n r a n g e . I n t h i s w o r k , i t i s p r o v e n 
r i g o r o u s l y f o r a w i d e c l a s s o f q ' s and ^ ' s t h a t i n t h e v a n d e r W a a l s 1 
l i m i t y*-»0, t h e e q u a t i o n o f s t a t e w i l l h a v e t h e form 
Lin, p ( p , jr) = p"(p) + SL f>* 
w h e r e P°(^0) i s t h e p r e s s u r e i n t h e r e f e r e n c e s y s t e m , f o r w h i c h ^(r) - 0 , 
and ol 5 JV(y)dy. I n t h i s p a p e r , r i g o r o u s u p p e r and l o w e r b o u n d s w e r e 
o b t a i n e d f o r t h e t h e r m o d y n a m i c f r e e e n e r g y d e n s i t y o f a s y s t e m w i t h 
' v a n d e r W a a l s - l i k e m o l e c u l a r i n t e r a c t i o n . ' The quantum s y s t e m f o r 
t h i s k i n d o f m o l e c u l a r i n t e r a c t i o n h a s a l s o b e e n d e r i v e d and p r o v e d by 
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B u r k e , L e b o w i t z and L i e b . 
I s i n g Mode l 
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A. I n t r o d u c t i o n o f I s i n g M o d e l ' 
One o f t h e m o s t i n t e r e s t i n g phenomena i n t h e p h y s i c s o f t h e 
s o l i d s t a t e i s f e r r o m a g n e t i s m . In some m e t a l s , a f i n i t e f r a c t i o n o f 
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the spins of the atoms becomes spontaneously polarized in the same direc­
tion, giving rise to a macroscopic magnetic field. This happens only 
when the temperature is lower than a characteristic temperature known 
as the Curie temperature. Above the Curie temperature the spins are 
oriented at random, producing no net magnetic field, as the Curie tem­
perature is approached from both sides the specific heat of the metal 
approaches infinity. The transition from the nonferromagnetic state to 
the ferromagnetic state is a phase transition of a type not included 
within the usual classifications. The Ising model is a crude attempt 
to simulate the structure of a physical ferromagnetic substance. Its 
main virtue lies in the fact that a two-dimensional Ising model yields 
to an EXACT treatment in statistical mechanics. It is the only non-
trivial example of a phase transition that has been worked out with 
mathematical rigor. 
points called lattice sites that form an n-dimensional periodic 
lattice (n = 1, 2, 3). The geometric structure of the lattice may be 
cubic, hexagonal, etc. Associated with each lattice site is a spin 
variable s^ (i = 1, 2, ..., N) which is a number that is either +1 or 
-1. There are no other variables. If s^ = +1, the ith site is said to 
have spin up, and if s^ = -1, it is said to have spin down. A given 
set of numbers (s^) specifies a configuration of the whole system. The 
energy of the system in the configuration specified by (s^) is defined 
to be 
In the Ising model the system considered is an array of M fixed 
( 3 - 2 6 ) 
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w h e r e t h e s u b s c r i p t I s t a n d s f o r I s i n g and t h e s y m b o l ^ i j > d e n o t e s a 
n e a r e s t n e i g h b o r p a i r o f s p i n s . T h e r e i s no d i s t i n c t i o n b e t w e e n 
and <jl>. Thus t h e sum o v e r ^ ij> c o n t a i n s t e r m s , w h e r e b i s 
t h e number o f n e a r e s t n e i g h b o r s o f any g i v e n s i t e . F o r e x a m p l e , 
{ 4 ( t w o - d i m e n s i o n a l s q u a r e l a t t i c e ) 6 ( t h r e e - d i m e n s i o n a l s i m p l e c u b i c l a t t i c e ) 
8 ( t h r e e - d i m e n s i o n a l b o d y - c e n t e r e d c u b i c l a t t i c e ) 
The i n t e r a c t i o n e n e r g y and t h e e x t e r n a l m a g n e t i c f i e l d B a r e g i v e n 
c o n s t a n t s . The g e o m e t r y o f t h e l a t t i c e e n t e r s t h e p r o b l e m t h r o u g h b 
and (fjj . F o r s i m p l i c i t y we s p e c i a l i z e t h e m o d e l t o t h e c a s e o f i s o ­
t r o p i c i n t e r a c t i o n s , s o t h a t a l l €fjare e q u a l t o a g i v e n number 6 . 
Thus t h e e n e r g y w i l l b e t a k e n a s 
<\p J i't ( 3 - 2 7 ) 
The c a s e £ ^ 0 c o r r e s p o n d s t o f e r r o m a g n e t i s m and t h e c a s e £ < 0 to a n t i -
f e r r o m a g n e t i s m . We c o n s i d e r o n l y t h e c a s e € > 0 . The p a r t i t i o n f u n c t i o n 
A
 S t S2 ( 3 - 2 8 ) 
w h e r e e a c h s r a n g e s i n d e p e n d e n t l y o v e r t h e v a l u e s + 1 . Hence t h e r e a r e 
i 
M 
2 t e r m s i n t h e s u m m a t i o n . The t h e r m o d y n a m i c f u n c t i o n s a r e o b t a i n e d i n 
t h e u s u a l manner from t h e H e l m h o l t z f r e e e n e r g y : 
A ] [ ( B , T ) = - KT l o g Q I ( B , T ) ( 3 - 2 9 ) 
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B. E q u i v a l e n c e o f t h e I s i n g Model t o L a t t i c e Gas M o d e l ^ » ^ 
By a c h a n g e o f names t h e I s i n g m o d e l c a n b e made t o s i m u l a t e 
o t h e r s y s t e m s t h a n a f e r r o m a g n e t . Among t h e s e a r e a l a t t i c e g a s and a 
b i n a r y a l l o y . In t h i s s e c t i o n we e m p h a s i z e r e l a t i v e l y more d e t a i l 
a b o u t t h e l a t t i c e g a s s y s t e m . 
A l a t t i c e g a s i s a c o l l e c t i o n o f a toms w h o s e p o s i t i o n s c a n 
a s s u m e o n l y d i s c r e t e v a l u e s . T h e s e d i s c r e t e v a l u e s form a l a t t i c e o f 
g i v e n g e o m e t r y w i t h n e a r e s t n e i g h b o r s t o e a c h l a t t i c e s i t e . Each 
l a t t i c e s i t e c a n b e o c c u p i e d by a t m o s t o n e a t o m . We n e g l e c t t h e 
k i n e t i c e n e r g y o f an a tom and a s s u m e t h a t o n l y n e a r e s t n e i g h b o r s i n t e r ­
a c t , and t h e i n t e r a c t i o n e n e r g y f o r a p a i r o f n e a r e s t n e i g h b o r s i s 
a s s u m e d t o b e a c o n s t a n t - £ 0 . Thus t h e p o t e n t i a l e n e r g y o f t h e s y s t e m 
i s e q u i v a l e n t t o t h a t o f a g a s i n w h i c h t h e a t o m s a r e l o c a t e d o n l y on 
l a t t i c e s i t e s and i n t e r a c t t h r o u g h a t w o - b o d y p o t e n t i a l \F ( I f*j ~ YJ I ) 
w i t h 
R
 <X> ( r = 0 ) 
tT(^ 1 ( r = n e a r e s t - n e i g h b o r d i s t a n c e ) ( 3 - 3 0 ) 
\ O ( o t h e r w i s e ) 
L e t N = t o t a l number o f l a t t i c e s i t e s 
N = t o t a l number o f a toms ( 3 - 3 1 ) 
a ' 
N_„ = t o t a l number o f n e a r e s t n e i g h b o r p a i r s o f a toms 
a a 
The t o t a l e n e r g y o f t h e l a t t i c e g a s i s 
E = - 6 0 N ( 3 - 3 2 ) G a a 
and t h e p a r t i t i o n f u n c t i o n i s 
QG(HA.T) - jj\ ZA*«P ( - ^ / K T ) ( 3 - 3 3 ) 
42 
w h e r e JL e x t e n d s o v e r a l l ways o f d i s t r i b u t i n g N & d i s t i n g u i s h a b l e 
a toms o v e r N l a t t i c e s i t e s . I f t h e v o l u m e o f a u n i t c e l l o f t h e l a t t i c e 
i s c h o s e n t o b e u n i t y , t h e n N i s t h e v o l u m e o f t h e s y s t e m . The g r a n d 
p a r t i t i o n f u n c t i o n i s 
( 3 - 3 4 ) 
The e q u a t i o n o f s t a t e i s g i v e n by 
To e s t a b l i s h a c o r r e s p o n d e n c e b e t w e e n t h e l a t t i c e g a s and I s i n g m o d e l , 
l e t o c c u p i e d s i t e s c o r r e s p o n d t o s p i n up and empty s i t e s t o s p i n down. 
I n t h e I s i n g m o d e l a s e t o f N numbers ( s ^ s^) u n i q u e l y d e f i n e s a 
c o n f i g u r a t i o n . I n t h e l a t t i c e g a s an e n u m e r a t i o n o f t h e o c c u p i e d s i t e s 
d e t e r m i n e s n o t one b u t c o n f i g u r a t i o n s . The d i f f e r e n c e a r i s e s from 
t h e f a c t t h a t a toms a r e s u p p o s e d t o b e a b l e t o move from s i t e t o s i t e . 
T h i s d i f f e r e n c e , h o w e v e r , i s o b l i t e r a t e d by t h e a d o p t i o n o f c o r r e c t 
B o l t z m a n n c o u n t i n g . The c o r r e s p o n d e n c e b e t w e e n a l a t t i c e g a s and an 
I s i n g m a g n e t w i l l b e l i s t e d i n t h e T a b l e 1. As f o r t h e e q u i v a l e n c e 
b e t w e e n I s i n g m o d e l and t h e b i n a r y a l l o y , we s i m p l y make t h e c o r r e s ­
p o n d e n c e t h a t t h e number o f up s p i n s i s e q u i v a l e n t t o t h e o n e k i n d o f 
a t o m s and t h e down s p i n s t o t h e o t h e r k i n d o f a t o m s . 
C. M o l e c u l a r F i e l d A p p r o x i m a t i o n ( W e i s s T h e o r y , B r a g g - W i l l i a m s 
A p p r o x i m a t i o n ) 
The i d e a o f a m o l e c u l a r f i e l d (mean f i e l d ) i s m o s t f a m i l i a r i n 
4 3 
I s i n g Mode l 
T o t a l number o f up s p i n s N + 
T o t a l number o f down s p i n s N 
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M a g n e t i c f i e l d gxp [
 1(
**JZf&\ 
S p o n t a n e o u s M a g n e t i z a t i o n M 
Zero m a g n e t i c f i e l d M = 0 
Curve o f s p o n t a n e o u s 
M a g n e t i z a t i o n 
L a t t i c e Gas 
T o t a l number o f a toms N 
a 
T o t a l number o f u n o c c u p i e d 
s i t e s N-N 
a 
F u g a c i t y z 
P r e s s u r e P 
D e n s i t y 
D e n s i t y d e v i a t i o n 
C r i t i c a l i s o c h o r e 
C o e x i s t e n c e c u r v e 
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t h e s t u d y o f m a g n e t i s m , e x a c t same r o l e p l a y e d by v a n d e r W a a l s 1 t h e o r y 
i n t h e f l u i d s , w h e r e i t was f i r s t i n t r o d u c e d by P i e r r e W e i s s i n 1 9 0 7 . 
Here we w o u l d l i k e t o d e r i v e t h i s a p p r o x i m a t i o n i n two ways i n o r d e r t o 
g r a s p some c o n c e p t s a b o u t t h e 'mean f i e l d 1 and s o - c a l l e d v a n d e r W a a l s -
l i k e r e s u l t . 
S e l f - C o n s i s t e n t F i e l d M e t h o d . E q u a t i o n ( 3 - 2 7 ) may b e l o o k e d upon 
as t h e s t a t e m e n t t h a t a s p i n , s a y s ^ , ' f e e l s ' a f i e l d I L , w h e r e 
( 3 - 3 6 ) 
The a v e r a g e f i e l d i s 
< 8 i > = < * L<Sj>) + 6 ( 3 - 3 7 ) 
S i n c e t h e I s i n g m o d e l p r o v i d e s t h e t r a n s l a t i o n a l s y m m e t r y , t h e a v e r a g e 
v a l u e o f S j i s i n d e p e n d e n t o f t h e i n d e x j . C a l l i t L w h e r e -1±L ±+1. 
L i s c a l l e d e i t h e r l o n g - r a n g e o r d e r or a v e r a g e m a g n e t i z a t i o n . Then Equa­
t i o n ( 3 - 3 7 ) b e c o m e s 
( 3 - 3 8 ) 
The W e i s s a p p r o x i m a t i o n c o n s i s t s i n a s s u m i n g t h a t t h e f i e l d a t p o i n t i i s 
< B j > i n d e p e n d e n t o f t h e o r i e n t a t i o n o f s ^ T h i s i s an a p p r o x i m a t i o n , 
f o r i f s ^ i s u p , i t s n e i g h b o r s ( s ^ ) w i l l h a v e more t h a n a v e r a g e p r e d i c ­
t i o n f o r b e i n g u p , a f l u c t u a t i o n e f f e c t t h a t i s n e g l e c t e d i n t h e W e i s s 
a s s u m p t i o n . G i v e n t h e a p p r o x i m a t i o n , i t i s a s t r a i g h t f o r w a r d m a t t e r t o 
c a l c u l a t e < s • > a c c o r d i n g t o 
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I = < Sj> = t r S i «v(^<8i>/WT]/fre«/)p/<fl^Tj 
( 3 - 3 9 ) 
We t h e n h a v e a s e l f - c o n s i s t e n t e q u a t i o n 
B r a g g - W i l l i a m s A p p r o x i m a t i o n . We w o u l d l i k e t o t a k e t h i s o p p o r ­
t u n i t y t o d i s c u s s t h e l o n g r a n g e o r d e r and s h o r t r a n g e o r d e r w h i c h we 
h a v e m e n t i o n e d i n t h e l a s t s e c t i o n . I n t h e I s i n g m o d e l t h e e n e r g y o f a 
c o n f i g u r a t i o n o f t h e s p i n l a t t i c e d e p e n d s n o t on t h e d e t a i l e d d i s t r i b u ­
t i o n o f s p i n s o v e r l a t t i c e s i t e s b u t o n l y on t h e two numbers N , t o t a l 
number o f up s p i n s , and N ^ , t o t a l number o f n e a r e s t - n e i g h b o r p a i r s o f 
up s p i n s , w h i c h e x p r e s s c e r t a i n g r o s s f e a t u r e s o f t h e s p i n d i s t r i b u t i o n . 
The number N + / N i s s a i d t o b e a m e a s u r e o f t h e l o n g - r a n g e o r d e r i n t h e 
l a t t i c e , and N + + / ( b N / 2 ) i s s a i d t o b e a m e a s u r e o f t h e s h o r t - r a n g e o r d e r . 
We s h a l l d i s c u s s b r i e f l y t h e r e a s o n i n t h e f o l l o w i n g . Le t u s i m a g i n e t h a t 
t h e d i s t r i b u t i o n o f t h e s p i n i s random, e x c e p t f o r t h e r e s t r i c t i o n t h a t 
i t p o s s e s s e s t h e g i v e n v a l u e s o f N + and N ( ( . I f we know d e f i n i t e l y t h a t 
a g i v e n s p i n i s u p , t h e n t h e number N + + / ( / > N / 2 ) i s t h e f r a c t i o n o f i t s 
n e a r e s t n e i g h b o r s w i t h s p i n u p . T h i s n u m b e r , h o w e v e r , i m p o s e s l e s s and 
l e s s c o r r e l a t i o n a s we c o n s i d e r t h e s e c o n d n e a r e s t n e i g h b o r s , t h i r s n e a r ­
e s t n e i g h b o r s , e t c . I t i s t h e r e f o r e a m e a s u r e o f t h e l o c a l c o r r e l a t i o n 
o f t h e s p i n s ; h e n c e t h e name s h o r t - r a n g e o r d e r . On t h e o t h e r h a n d , t h e 
number N + / N r e q u i r e s no c o r r e l a t i o n b e t w e e n n e a r e s t n e i g h b o r s . I t d o e s 
r e q u i r e i n t h e e n t i r e l a t t i c e a f r a c t i o n N /N o f a l l t h e s p i n s a r e u p . 
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Thus i f t h e number N + / N i s known i n t h e n e i g h b o r h o o d o f a g i v e n s p i n , we 
w i l l know t h a t n o m a t t e r how f a r we g o away from t h e g i v e n s p i n t h e o r d e r 
m e a s u r e d by i t i s t h e s a m e . Hence t h e name l o n g - r a n g e o r d e r . 
Here we d e f i n e t h e p a r a m e t e r o f l o n g - r a n g e o r d e r L a s 
N + / N = 1 / 2 ( L + 1 ) ( - 1 — L — + 1 ) ( 3 - 4 1 ) 
The B r a g g - W i l l i a m s a p p r o x i m a t i o n i s c o n t a i n e d i n t h e s t a t e m e n t t h a t 
" t h e r e i s n o s h o r t - r a n g e o r d e r a p a r t from t h a t w h i c h f o l l o w s from l o n g -
r a n g e o r d e r . " More p r e c i s e l y , t h e a p p r o x i m a t i o n c o n s i s t s o f p u t t i n g 
2 
Nj j / ( B N / 2 ) ( N | / N ) . In t h i s a p p r o x i m a t i o n t h e e n e r g y , E q u a t i o n ( 3 - 2 7 ) , 
b e c o m e s 
1/N E I ( L ) ^ r - l / 2 6 B L 2 - BL ( 3 - 4 2 ) 
The e n t r o p y c a n be c a l c u l a t e d by c o u n t i n g t h e number o f c o n f i g u r a t i o n s 
t h a t we p i c k N + t h i n g s o u t o f N, n a m e l y N . ' / [ N + . ' ( N - N + ) .'] The f r e e 
e n e r g y i s t h e n 
A I ( B W ) = " ( N * B / 2 ) L 2 - NLB - kT l o g N . ' / F L N ( l + L ) / 2 ] .' [ N ( l - L ) / 2 ] .'} 
1
 ( 3 - 4 3 ) 
A f t e r u s e o f S t i r l i n g ' s a p p r o x i m a t i o n f o r t r e a t i n g N.', we m i n i m i z e t h e 
f r e e e n e r g y w i t h r e s p e c t t o L and t h e E q u a t i o n ( 3 - 4 0 ) i s r e c o v e r e d , w h e r e 
L i s t h e v a l u e o f L w h i c h m i n i m i z e d t h e f r e e e n e r g y . 
C. C r i t i c a l Phenomena o f M o l e c u l a r F i e l d A p p r o x i m a t i o n 
We c o n s i d e r t h e c a s e o f no e x t e r n a l f i e l d (B = 0 ) . Then E q u a ­
t i o n ( 3 - 2 7 ) b e c o m e s 
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I =. +*r>h (beL/hT) ( 3 - 4 4 ) 
w h i c h may be s o l v e d g r a p h i c a l l y a s i n d i c a t e d i n F i g u r e 3 - 6 . 
I f € > 0 , t h e r e e x i s t s a c r i t i c a l t e m p e r a t u r e T , g i v e n by 
kT = be ( 3 - 4 5 ) 
c 
s u c h t h a t 
f 
0 (T > T c ) 
( 3 - 4 6 ) 
L (T < T ) 
o v c ' 
w h e r e L Q i s t h e r o o t o f E q u a t i o n ( 3 - 4 4 ) t h a t i s g r e a t e r t h a n z e r o . The 
t e m p e r a t u r e T £ i s t h e C u r i e t e m p e r a t u r e o f t h e s y s t e m , s i n c e f o r T < T c 
t h e s y s t e m i s a f e r r o m a g n e t . The d e g e n e r a c y a r i s e s f rom t h e f a c t t h a t 
i n t h e a b s e n c e o f an e x t e r n a l m a g n e t i c f i e l d t h e r e i s n o i n t r i n s i c d i s ­
t i n c t i o n b e t w e e n up and down. 
From E q u a t i o n ( 3 - 4 3 ) we c a n d e r i v e t h e e q u a t i o n o f s t a t e o f t h e 
s y s t e m , we h a v e 
P = B - ^ ( 1 + L . 2 ) - k T / 2 l o g ( ( l - L 2 ) / 4 ] ( 3 - 4 7 ) 
A f t e r t r a n s l a t i n g i n t o l a t t i c e g a s l a n g u a g e , we h a v e 
P = - j?f>2 - kT l o g (1 - p) ( 3 - 4 8 ) 
I f we compare t h i s e q u a t i o n w i t h t h e v a n der , W a a l s 1 e q u a t i o n o f s t a t e , we 
w i l l f i n d t h a t t h e o n l y d i f f e r e n c e i s t h e way t h e y h a n d l e t h e p r e s s u r e o f 
t h e h a r d - c o r e . S o , we s h a l l e a s i l y e x p e c t t h e p r o p e r t i e s o f t h e c r i t i c a l 
F i g u r e 3 - 6 . Graph i c a l S o l u t i o n o f E q u a t i o n ( 3 - 4 4 ) 
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phenomena o f t h e m o l e c u l a r f i e l d a p p r o x i m a t i o n i s v e r y s i m i l a r t o t h e 
v a n d e r W a a l s ' t h e o r y w h i c h we h a v e d e r i v e d b e f o r e . C e r t a i n l y , t h e 
c r i t i c a l e x p o n e n t s d e r i v e d b y b o t h t h e o r y h a v e t h e same v a l u e s , and Max­
w e l l C o n s t r u c t i o n i s a l s o r e q u i r e d i n t h e m o l e c u l a r f i e l d a p p r o x i m a t i o n 
t o e s t a b l i s h t h e s t a b i l i t y c r i t e r i a . 
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D, The O n s a g e r S o l u t i o n 
The f i r s t c r u c i a l s t e p f o r I s i n g m o d e l was O n s a g e r ' s (1944) e x a c t 
c a l c u l a t i o n o f t h e p a r t i t i o n f u n c t i o n o f t h e p l a n e s q u a r e l a t t i c e i n z e r o 
f i e l d w i t h t w o - d i m e n s i o n a l i n t e r a c t i o n p a r a m e t e r s : £ f o r h o r i z o n t a l and 
€ y f o r v e r t i c a l b o n d s . I n t h i s c a l c u l a t i o n O n s a g e r h a s e x h i b i t e d c l e a r l y 
how a p h a s e t r a n s i t i o n w o u l d come o u t o f s t a t i s t i c a l m e c h a n i c s a l o n e i f 
o n l y o n e w e r e c l e v e r e n o u g h t o c o m p u t e t h e p a r t i t i o n f u n c t i o n p r e c i s e l y : 
t h e r e i s no n e e d o f any a d d i t i o n a l a s s u m p t i o n s , a s we d i d f o r W e i s s 
t h e o r y , s p e c i a l p r o c e d u r e s o r t h e l i k e . H o w e v e r , we s h a l l n o t h e r e d i s ­
c u s s t h e d e t a i l e d m a t h e m a t i c a l t e c h n i q u e s u s e d t o s o l v e t h i s p r o b l e m ; i n 
t h e f i r s t p l a c e , t h e s e a r e s t i l l r a t h e r e l a b o r a t e , b u t s e c o n d l y , t h e y i n 
t h e m s e l v e s c a s t l i t t l e l i g h t on t h e b e h a v i o r n e a r t h e c r i t i c a l p o i n t . 
T h e r e f o r e , we s i m p l y s t a r t f rom t h e e x p l i c i t e x p r e s s i o n o f t h e f r e e e n e r g y 
-Sinh lK*CoS91 - 5inh 2h(y COS02) (3-49) 
f o r t h e l i m i t i n g f r e e e n e r g y p e r s p i n , w h e r e 
K
* « T ' K T
 ( 3 . 5 0 ) 
i t i s e a s i l y s e e n t h a t t h e r e i s a s i n g u l a r i t y a t a c r i t i c a l t e m p e r a t u r e 
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determined by 
S ' , n h ( & ) 6 i » h I (3-51) 
At this point the argument of the logarithm in Equation (3-49) vanishes 
quadratically with T, whence it follows that, as T —*T ± , 
A(T) = A c + a(T - T c ) + b(T - TQ)2 Jn|T - TQl + (3-52) 
where a and b are constant depending on and Cy. The appearance of the 
logarithmic factor in the second-order term proves that the free energy 
(zero field) has no Taylor-series expansion about T = T . 
Differentiation of Equation (3-51) shows that the internal energy 
varies as 
U(T) = U C + A KLTc-T) In / + • - < T - + T c ) 
c 1
 Tc 1 (3-53) 
and so has a vertical tangent at T = T . It also follows that the specific 
heat exhibits a symmetric logarithmically infinite singularity of the 
form 
C E A Y H = A I inl i - f r I - Ai t 0 {(T-Tc) WR-R«jj ( 3 5 4 ) 
so that the critical exponent 
< A = 0. (3-55) 
log 
This is in marked contrast to the van der Waals 1 prediction of a finite, 
discontinuous and hence, asymmetric anomaly. However, this exact result 
also contrasts with the asymmetric, although near-logarithmic, experimen­
tal data. 
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E. Properties near the Critical Point for the 
Two-Dimensional Ising Model 
Historically the next significant thermodynamic result was the 
expression 
MoiT) = { } - ( S i n h 2 K « 5 i n h 2 K y y 2 ) * ( 3 _ 5 6 ) 
29 
for the spontaneous magnetization of the plane square lattice. From 
this we have the second critical exponent 
/ 3 = 1/8 (3-57) 
We notice that it is again sharply different from the classical result 
which is 1/2. With this result and Equation (3-55) we may apply the 
rigorous inequalities Equations (2-68) and (2-69) to reach the conclusion 
t 2. 7 / 4 ( 8 ) (3-58) 
S ^ 1 5 ( 8 ) (3-59) 
22 23 
If we apply the conjectures made by Widom and Fisher ' the equalities 
will hold, and numerical study suggested the equality should be the 'best 
possible. ' 
F. Recent Development of Lattice Gas Model 
As we mentioned in the previous section, the analytic theory of 
Ising model is restricted almost entirely to two-dimensional systems, 
even though it reveals unequivocally the theoretical shortcoming of the 
classical approaches. No exact expressions for the partition function 
of any two dimensional lattices in a finite magnetic field have been 
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f o u n d ; no e x a c t s o l u t i o n f o r t h e p a r t i t i o n f u n c t i o n o f any t h r e e - d i m e n ­
s i o n a l l a t t i c e s h a s b e e n e s t a b l i s h e d . N e v e r t h e l e s s , t h e g r o u p r e c o g ­
n i z e d a s ' t h e o r e t i c a l e x p e r i m e n t a l i s t s ' i n E n g l a n d h a s o f f e r e d t h e i r 
n u m e r i c a l a n a l y s i s by s e r i e s e x p a n s i o n w h i c h p r o v i d e s some v e r y g o o d 
q u a l i t a t i v e and q u a n t i t a t i v e i n f o r m a t i o n a b o u t t h e p h a s e t r a n s i t i o n f o r 
8 , 3 0 
f l u i d s and f e r r o m a g n e t i c m a t e r i a l s . T h e i r m a i n p h i l o s o p h y i s t h a t 
" g i v e n a b o u n d e d H a m i l t o n i a n a f o r m a l h i g h - t e m p e r a t u r e e x p a n s i o n i n 
p o w e r s o f 1/T may a l w a y s b e c o n s t r u c t e d by e x p a n d i n g t h e B o l t z m a n n f a c ­
t o r and t a k i n g t h e t r a c e t e r m by t e r m . I t i s t o b e a n t i c i p a t e d t h a t f o r 
s u f f i c i e n t l y s h o r t - r a n g e i n t e r a c t i o n s o n e w i l l b e a b l e t o p r o v e r i g o r o u s ­
l y t h a t t h e r e s u l t i n g s e r i e s e x p a n s i o n f o r t h e f r e e e n e r g y c o n v e r g e s 
a b s o l u t e l y f o r s u f f i c i e n t l y h i g h t e m p e r a t u r e . " By t h i s , e x t e n s i v e 
s t u d i e s o f c o m b i n a t o r i a l p r o b l e m s h a v e b e e n done by d i r e c t e n u m e r a t i o n , 
by Monte C a r l o t e c h n i q u e s and by r i g o r o u s a n a l y s i s . R a t i o t e s t » and 
Q O l 
P a d e ' a p p r o x i m a t i o n » h a v e b e e n a l s o w i d e l y u s e d . 
3 
Quantum l a t t i c e g a s m o d e l was i n t r o d u c e d by M a t s u b a r a and M a t s u d a 
i n 1 9 5 6 . The e q u i v a l e n c e b e t w e e n t h e quantum l a t t i c e g a s m o d e l and t h e 
8 
H e i s e n b u r g - I s i n g m o d e l h a s b e e n e s t a b l i s h e d . H o w e v e r , t h e e x a c t s o l u ­
t i o n i n two and t h r e e d i m e n s i o n a l l a t t i c e s s t i l l i s an o p e n p r o b l e m . 
A n o t h e r O n s a g e r i s u r g e n t l y n e e d e d t o s t a n d on t h e s h o u l d e r o f t h e g i a n t . 
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CHAPTER IV 
CLUSTER THEORY AND CONDENSATION 
I n t h i s c h a p t e r we g i v e a d i s c u s s i o n o f t h e c l u s t e r t h e o r y and i n ­
v e s t i g a t e how f a r t h i s t h e o r y may b e u s e d f o r d e s c r i b i n g t h e c r i t i c a l 
p h e n o m e n a . F o r t h e c l u s t e r t h e o r y , u n l i k e t h e t r e a t m e n t o f t h e l a s t c h a p ­
t e r , v e r y l i t t l e p r o g r e s s h a s b e e n made i n t h e way o f c a l c u l a t i n g t h e r m o ­
dynamic f u n c t i o n s n u m e r i c a l l y and t h e r e f o r e t h e a n a l y s i s i s r a t h e r f o r m a l . 
I t i s a l s o g e n e r a l l y a g r e e d t h a t t h i s t h e o r y i s n o t a p p l i c a b l e i n i t s 
p r e s e n t form t o t h e l i q u i d s t a t e . I n s p i t e o f t h e s e d e f i c i e n c i e s , t h e 
c l u s t e r t h e o r y o f f e r s c o n s i d e r a b l e i n s i g h t i n t o t h e n a t u r e o f c o n d e n ­
s a t i o n . In t h e m e a n t i m e , due t o t h e f a i l u r e o f t h e ' c l a s s i c a l a p p r o a c h e s ' 
( v a n d e r W a a l s ' t h e o r y and m o l e c u l a r f i e l d a p p r o x i m a t i o n s ) , t h e r e c o n s i d ­
e r a t i o n o f t h e c l u s t e r t h e o r y may c a s t some l i g h t on t h e e x p l a n a t i o n o f 
t h e phenomena n e a r t h e c r i t i c a l r e g i o n . 
Many c o n t r i b u t i o n s h a v e b e e n made f o r t h e c l u s t e r t h e o r y , and a 
d e t a i l e d d i s c u s s i o n on t h i s m a t t e r c a n b e f o u n d i n t h e p a p e r e n t i t l e d 
33 
"On t h e T h e o r y o f t h e E q u a t i o n o f S t a t e " by B o r i s Kahn. I n t h i s c h a p ­
t e r , t h e r e f o r e , we s h a l l n o t go t h r o u g h a l l t h e r i g o r o u s f o r m a l i s m s b u t 
m e r e l y c o n s i d e r t h e p o s s i b l e a p p l i c a t i o n o f t h e c l u s t e r t h e o r y f o r t h e 
phenomena n e a r t h e c r i t i c a l r e g i o n . W i t h t h i s i n m i n d , we w i l l b r i e f l y 
3 4 
p r e s e n t M a y e r ' s t h e o r y , t h e a p p r o x i m a t e c l u s t e r t h e o r y i n t r o d u c e d by 
35 36 
F r e n k e l , and B a n d , and t h e m o d i f i e d l i q u i d d r o p l e t m o d e l p r o p o s e d by 
10 
F i s h e r . At t h e same t i m e , some d i s c u s s i o n s o f t h e phenomena n e a r t h e 
c r i t i c a l r e g i o n f o r t h e s e t h e o r i e s o r m o d e l s w i l l b e c a r r i e d on i n t h i s 
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chapter. 
Mayer's Theory of Imperfect Gases and Condensation 
A. Cluster Integrals 
With the assumption of pairwise interactions for a system composed 
of N idential molecules, Equations (2-15), (2-16), and (2-17) can be 
written as: 
Q N ( V , T ) = ~T , / D5RF d\ EXP (-Z V*J/KT) (4-i) 
Z w ( ^ r ; « ( 2nnKT/h')*N/2 (4.2) 
E ( Z , V , T ) « Z Z Q A / (4-3) 
A mathematical trick has been used for calculating the configuration 
integral by introducing a function f^ .. which is defined as: 
e%p(-V+j/KT) - 1 + f/j (4-4) 
For the usual type of intermolecular potentials (hard core with finite 
range attractive interaction), f ^ is everywhere bounded and is negligibly 
small when the distance between the ith and jth molecule is larger than 
the range of the intermolecular potential. In terms of f ^ the configu­
ration integral may be represented as a sum: 
Q «( * r) = jf, j A*rf d\ JJ C t (4.5) 
in which the integral is a product of N(N - l)/2 terms, one for each 
distinct pair of particles. Expanding this product we obtain 
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A convenient way to enumerate all the terms in the expansion is to 
associate each term with a graph, defined as follows: an N-particle graph 
is a collection of N distinct circles numbered 1, 2, N, with any 
number of lines joining the same number of distinct pairs of circles. If 
the distinct pairs joined by lines are the pairs a, b, ..., n, then the 
graph represents the term 
j d3r< d3rN fah""fn (4-7) 
appearing in the expansion Equation (4-6), where the subscripts a, b, 
n stand for the pairs of molecules. If the set of distinct pairs 
^a, b, njis joined by lines in the given graph, replacing this set by 
a set[a', b \ n'} that is not identical with |a, b, ..., nJ gives 
rise to a graph that is counted as distinct from the original one, al­
though the integrals represented by the respective graphs have the same 
numerical value. For example, for N = 3 , the following graphs are dis­
tinct : 
but the following graphs are identical: 
We may express Equation (4-7) by a graph. For example, we may write, 
for N = 10, 
® d>—© 
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With such a convention, we can state that 
Q (V,T) = (sum of all distinct N-particle graphs) (4-8) 
N 
We introduce next the cluster with particles ( j ?-cluster and the clus­
ter sums S- i y . . A n %-cluster is defined to be an j£ -particle 
graph in which every circle representing a particle is joined directly 
or indirectly to all other J?-l circles at least by one line. The clus­
ter sum S. . i is the sum of all terms which connect in a cluster 
1
 > J » K » • • • 
each of the molecules (circles) i, j, k, no other molecules being 
connected to this cluster. With these definitions, we define a cluster 
integral b (V,T) by 
b^(V,T) = " J T y (sum of all possible ^-clusters) 
= j?vHs,.a..-..« <*'r« "••<*'* (4-9) 
Any N-particle graph is a product of a number of clusters, which is char­
acterized by m^ unit clusters, clusters of two molecules, m o f 
$ molecules, with the constraint 
U =
 (4-10) 
By consideration of : (i) there are m ^ £-clusters, and a permutation 
of these m ^ things does not lead to a new graph; (ii) in the sum over 
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a l l J £ - c l u s t e r s , a p e r m u t a t i o n o f t h e p a r t i c l e s w i t h i n i t d o e s n o t l e a d 
t o a new g r a p h , t h e c o n t r i b u t i o n o f a N - p a r t i c l e g r a p h t o t h e Q c a n b e 
N 
w r i t t e n a s : 
j = ( " V ( 4 - 1 1 ) 




(vi = Z , * » V 
S u b s t i t u t i n g i n t o E q u a t i o n s ( 4 - 2 ) and ( 4 - 3 ) we o b t a i n t h e p a r t i t i o n f u n c ­
t i o n and g r a n d p a r t i t i o n f u n c t i o n a s f o l l o w s : 
N mz 
H ^ " t l 1 ^ ( 4 - 1 3 ) 
1 * L ( 2 , v . t ) - £ ( 4 - u ) 
3 4 
From w h i c h t h e e q u a t i o n o f s t a t e c a n b e o b t a i n e d i n p a r a m e t r i c f o r m : 
oo 
% = h ( 4 - 1 5 ) 
1
 i»1 ( 4 - 1 6 ) 
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B. Mayer's Theory of Condensation 
In order to understand some insight of Frenkel and Band's approxi­
mate theory and Fisher's droplet model, we would like to present this 
section to link these physical models with the Mayer cluster theory. 
A. Maximum Term Method 
In this section we try to show that for a system with large N mole­
cules (eventually N-»^° ) , the equation of state obtained by Mayer can be 
derived by, mathematically, the 'most probable' method in statistics. In 
the present case, we try to find a particular set of clusters, say m ^ , 
giving the largest term in Equation (4*13). First we write 
and maximize (In t) with respect to m^ , with the restraint expressed 
by Equation (4-10). 
Using Lagrange's method of undetermined multipliers, we have 
Alternative Derivations for Mayer Theory 38 
(4-17) 
Here we do not attempt to go through all the well-known formalism 
and tedious analysis for Mayer's theory of condensation, but state his 
conjecture as follows: the condensation point of the system described 
by b in Equations (4-15) and (4-16) is given by the smallest real posi­
tive singularity of the analytic function defined by the power series. 
The singularity behavior of the Mayer theory is still a conjecture 
at the present stage and a lengthy discussion can be found in the article 
entitled "Singularities in First-Order Phase Transitions" by S. Katsura. 
3 
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= V B A 5 J L = 1 , 2 , - - ~ , D (4-18) 
where s = e x p ( - \ ) , and A is the undetermined multiplier which can be 
determined by condition Equation (4-10). Equation (4-18) in Equation 
(4-10) then gives 
Equation (4-19) determines s as a function of N/V and T. 
Now, from Equations (2-14), (4-13) and (4-17) 
» NKT Ln /<* + NKT InS -KT j i ^ l 
(4-20) 
Since the Helmholtz free energy F = J^N - PV, and F = - kT In Z N 
- - in A 5 - I N 5 (4-21) 
From Equations (4-21) and (2-18) we conclude that s is just the activity 
z. Equations (4-21) and (4-20) give 
which gives Equation (4-15) in the limit N - » o O . 
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B. Association Equilibrium for Mathematical Cluster 
38 
Fowler pointed out that imperfect theory can be treated as a 
problem in dissociation. In a formal way, we can consider that the im­
perfect gas is a perfect gas mixture of different species in equilibrium 
with each other. In the processes of association and dissociation the 
clusters may change their composition but at equilibrium there is a cer­
tain mean number ^ of clusters of size % . With this consideration, we 
can write Equation (4-13) in a form as follows: 
where S L o = — k r and Qn = (4-24) 
is the partition function for the clusters of size j L and q^ is the 
partition function per cluster for clusters of size % . The condition 
for association equilibrium in a gas mixture is governed by the mass 
action law*^ 0 Q ^ / 
(4-25) 
Now the chemical potentials of clusters of size j£ are given by 
(4-26) 




From Equations (4-26) and (4-27), we obtain the mean number N^of clus­





where we have defined z by Equation (2-18). C Z> ^ =— ) 
A 
The partial pressure p ^ due to clusters of size is 
or 2 1 £ > £ 
K T I . F 
Hence, the same expression for the equation of state is arrived. We 
notice that, with mathematical expression, the mean number N £ of clusters 
of size J[_ for the association equilibrium in a perfect gas mixture is 
exactly equal to the most probable value we have derived in Section A. 
However, the analogy with an actual equilibrium between physical clusters 
38 
is limited. (The b^ can be negative for some calculations. ) 
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Frenkel and Band Droplet Model 
Frenkel and Band in 1939 independently pointed out that an approx­
imate theory very analogous to Mayer's could be developed, based upon the 
equilibrium association of physical clusters. In Section B, we have seen 
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that Mayer's result can be obtained by constructing mathematical clusters 
with the assumption of association equilibrium for a perfect-gas mixture 
of clusters. However, the mathematical clusters cannot be identified 
directly with the physical clusters without any physical justification. 
In this section we will describe the droplet model introduced by Frenkel 
and Band which provides a crude connection with the Mayer's theory. 
Although the ideas are quite straightforward, the stimulus of their work 
seems to have come from Mayer's work but avoiding the rigorous and tedious 
expansion for the cluster integrals. We shall give their droplet model 
as follows: in an imperfect gas there exists clusters of various sizes 
and between these clusters there is an association-dissociation equili­
brium and no interaction among them. For sufficient large clusters, the 
clusters will actually behave as small liquid droplets, and these droplets 
with $ molecules can be treated as a single 'molecule' with mass J?m, 
where m is a molecule mass. With this physical picture, the partition 
function for the cluster of size^, say , can be approximately 
written as: 
where £ is the potential energy of such a not too small cluster of 
molecules, which may be decomposed into a bulk term, determined by the 
binding energy per molecule in the liquid, say E^, and a remainder W 
which is associated with the loss of binding energy at the 'surface' of 
the cluster. For large clusters W can be approximated by c ^ , where 
c is a constant proportional to the surface tension, Jp the partition 
3 
function for one molecule is V//\ . (The potential energy in this case 
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1 0 0 3/ 9L?* % 
Hence, the density of the system 
/\ 3 jfri ~ ^ (4-32) 
where 
X =• e*p(~C/KTj 




Fisher s Modified Droplet Model 
Without detailed discussion, we can simply summarize Fisher's modi­
fied droplet model in the following fashion: the equation of state for 
an infinite system can be written as: 




3 6 ) 
where x - exp ( ae (w-cjr;/KTJ 
(4-37) 
is zero, and f\ ~ i2^mKr) *). 
By replacing the physical cluster partition function Jg for the 
mathematical cluster partition function in Equations (4-24) and (4-28) 




H e r e w = m i c r o s c o p i c s u r f a c e e n e r g y a r i s i n g t h r o u g h l o s s o f b i n d i n g e n e r g y 
by p a r t i c l e s n e a r t h e s u r f a c e o f t h e c l u s t e r , C0= c o r r e s p o n d i n g e n t r o p y 
p e r u n i t c l u s t e r s u r f a c e a r e a , z = exp(/A . /kT) , E Q = b u l k e n e r g y p e r p a r t i ­
c l e i n t h e c l u s t e r , S Q = b u l k e n t r o p y p e r p a r t i c l e i n t h e c l u s t e r , a Q i s 
a p r o p o r t i o n a l i t y c o n s t a n t due t o t h e a s s u m p t i o n t h a t t h e m o s t p r o b a b l e 
s u r f a c e a r e a f o r t h e c l u s t e r w i t h j£ m o l e c u l e s e q u a l s t o a Qj£ ; g Q and 
f a r e new f i t t i n g p a r a m e t e r s b a s e d on h e u r i s t i c a r g u m e n t s r e l a t e d t o t h e 
10 
c o m b i n a t o r i a l q u e s t i o n s o f e x c l u d e d - v o l u m e p r o b l e m . By c o m p a r i n g t h e 
e q u a t i o n o f s t a t e d e r i v e d by F r e n k e l and Band w i t h E q u a t i o n s (4-35) and 
(4-36), i t i s n o t h a r d t o s e e t h a t t h e o n l y m o d i f i c a t i o n i s m e r e l y r e -
3 
p l a c i n g t h e f i x e d c o n s t a n t s , s u c h a s / \ , power o f J£ e t c . o f F r e n k e l 
Band t h e o r y w i t h p a r a m e t e r s , g 0 , J* and <r* . H o w e v e r , t h i s l i t t l e c h a n g e 
r e v e a l s v e r y s i g n i f i c a n t i n f o r m a t i o n f o r phenomena n e a r t h e c r i t i c a l 
r e g i o n . We s h a l l p r o c e e d t o a d i s c u s s i o n o f t h i s i n t h e n e x t s e c t i o n . 
C l u s t e r T h e o r y and C r i t i c a l Phenomena 
I n c h a r a c t e r i z i n g t h e b e h a v i o r o f t h e r m o d y n a m i c e q u i l i b r i u m p r o p ­
e r t i e s , b e s i d e s t h e c o n d i t i o n s f o r t h e r m o d y n a m i c s t a b i l i t y and t h e a n a l y -
t i c i t y o f t h e e q u a t i o n o f s t a t e , t h e c r i t i c a l e x p o n e n t s h a s b e e n i n t r o ­
d u c e d r e c e n t l y ^ a s an a n o t h e r p o w e r f u l t o o l . C r i t i c a l e x p o n e n t s h a v e 
u s u a l l y s e r v e d a s t h e common m e e t i n g g r o u n d b e t w e e n t h e o r y and e x p e r i m e n t , 
w h o s e a p p l i c a t i o n s and d e f i n i t i o n s h a v e b e e n shown i n t h e l a s t two c h a p ­
t e r s . H e r e a g a i n we w i l l u s e t h i s a d d i t i o n a l t o o l f o r o u r a n a l y s i s o f 
t h e c r i t i c a l phenomena f o r t h e c l u s t e r t h e o r y . 
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A. Mayer's Theory and Critical Phenomena 
For more than thirty years, the critical phenomena of Mayer's 
theory has been considered as one of the most basic and yet difficult 
problems in statistical mechanics. An essential difficulty of Mayer's 
theory is the treatment of the cluster integral b ^ . Difficulties in 
connection with the double limiting process of the equation of state 
(P/kT = lim S b c (V,T)z ) , convergence of b o (V,T)z , volume 
dependence of the cluster integrals, etc. arise when one attempts to 
38 
include condensation, the critical point, and the liquid phase. Here 
we do not attempt to go through all the well-known formalism and tedious 
analysis for Mayer's theory of condensation; however, we will quote the 
conclusions drawn by Yang and Lee^ after a rigorous mathematical analysis 
as follows: 
1. Throughout the gas phase Mayer's theory gives correct 
results. 
2. For p —fa is given by the smallest real positive 
singularity of the analytical function defined by 
the power series «- .
 N fi 
i 
Mayer's conclusion that the p-V diagram becomes hori­
zontal is incorrect due to the existence of the liquid 
phase. It is not even justified for densities immediately 
above / 0 | , as for transitions of high order the isotherm 
does not even have any horizontal part at all. 
The conclusion is clearly indicated that Mayer's theory is inade­
quate for the critical point and liquid phase. But there has been no 
analysis which gives an indication of how well Mayer's theory can repro­
duce equilibrium behavior in the gas phase and very near to the critical 
region. This in turn means that thereis not answer to the question, 
"What are the so-called critical exponents for Mayer's theory in the gas 
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phase?" We will attempt to answer this question partially in the follow­
ing fashion: Mayer and Harrison 3^ have shown that for large J { , the 
cluster integral can be written as 
h = f b c i ) b0 (r) ( 4 - 3 9 ) 
where 
9. 
& K , 
(4-41) 
J 3 r is the irreducible cluster integral, ^ 0 defined by j L t ^ P r t P n 9 /. 
They also have shown that JTt Kfi^f** increases with j£ , therefore " f b ( i ) 
will decrease more rapidly with J£ than as f f, / z . With these results of 








If - f ^ d . ) were proportional to Jfcsf* for large $ , Equation (4-45) could 
be approximated as: 
(4-46) 
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where P ( n -M* %
 > 1 "*b«£) is an incomplete Gamma function. 
With this expression we are able to relate the critical exponents 
and Mayer's cluster theory. In general this expression agrees with the 
analysis from the analytical argument which states that when z ^ b Q \ 
some singularity behavior appears. As indicated in Equation (4-46), 
the compressibility will approach infinite (n = 2 ) , and for b Q z < 1, all 
the thermodynamic functions behave well. However, the same problem 
exists as before, that is "how to determine explicitly the f^tfL) a n a < 
b Q(T)?" Nevertheless, we are certain that both quantities are playing 
an extremely important role near the critical point, and from our analy­
sis, must be a decreasing function of J! , and will not decrease more 
rapid than Y j p , or the compressibility will not approach infinity at the 
critical point. 
B. Liquid Droplet Model and Critical Phenomena 1^ 
Although Fishers' droplet model was not derived rigorously from 
the statistical theory, and certain parameters, e.g. the parameter f , 
do not have any real clear physical significance, a tremendous information 
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is revealed near the critical point with the help of the powerful tool-
critical exponents. Therefore we would like to introduce Fishers' analy­
sis for his model near the critical point, and apply his analysis for 
Frenkel and Band's droplet model and Mayer's theory. 
Condensation. Consider the probability of finding a cluster of 
size which is proportional to m ^ . From Equations (4-22) and (4-35), 
we notice that this probability is proportional to where 
fa - 6, X ' V / T (4-47) 
At low temperature x is small (see Equation (4-41)) and at low activities 
(z) (and hence low density) y is also small. In this case, ^ decays 
rapidly to zero as j( increases. As y approaches unity the decay becomes 
slower. On the other hand, when y is slightly larger than unity the 
probability at first decreases because of the factor x but eventually 
increases when the exponent-|(ln y)|A dominates the exponent - |lnx|A 
The large probability (divergent) of large clusters indicates that con­
densation has taken place. Consequently we identify y = 1 as the conden­
sation point. Hence we can find the chemical potential at the condensa­
tion. By the same token, we can determine the critical temperature by 
letting x = 1. From Equation (4-37) this means T £ = * * V w (at the critical 
point the surface tension for a cluster will vanish). Therefore the crit­
ical pressure and density can be determined as: (see Equations (4-39) 
and (4-40) 




where <^(x) is a Zeta function of x. 
Analytic Character and the Critical Exponents. For fixed tempera­
ture, and hence fixed x, the radius of convergence of the series Equa 
tion (4-39) is given by 
for all x. 
The last equality follows from the assumption Q° < 1. Since the 
terms in Equation (4-39) are positive the point y Q = 1 must be a singu­
larity of the function, P/RT. Furthermore, y Q = 1 coincides with the 
condensation point y = 1 as described above. For this model, Mayer's 
theory is verified. (See Section IV-B) 
Also, (see Equation (4-45)) 
(4-50) 
71 < T, Z J 
(4-51) 
(n) denotes the nth derivatives. 
At the condensation point we find 
(4-52) 
denotes, at the condensation, y = 1. 
This series converges for all n provided only x 1. The fact that 
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a l l t h e d e r i v a t i v e s w i t h r e s p e c t t o z r e m a i n f i n i t e a t t h e z s z^- , e v e n 
t h o u g h we h a v e e s t a b l i s h e d t h a t t h i s i s a s i n g u l a r i t y o f 7 ( ( z ) , i n d i c a t e s 
t h e s i n g u l a r i t y a t z = i s an e s s e n t i a l s i n g u l a r i t y o f ft(z). 
To d e r i v e t h e c r i t i c a l e x p o n e n t s f o r t h e d r o p l e t m o d e l , we c a n 
s t a r t from E q u a t i o n (4-50) w i t h t h e a p p r o x i m a t i o n 
] C ° ( r ) = 6 . \ I " ~ \ * P ( - ( i n x - ' j C \ d l 
and c h a n g e t h e v a r i a b l e t = Q$L , w h e r e 
y i e l d s 
w h e r e p ( x ) i s a Gamma f u n c t i o n o f x . 
S i n c e 
and 
and w i t h t h e d e f i n i t i o n s i n C h a p t e r I I , we o b t a i n 
y 3 < r 
(4-53) 
K T (4-54) 
p L T . Z ) ~ 7 T l ° C T . (4-56) 
(4-57) 
(4-58) 
f = * ^ ~ ^" (4-59) 
The s p e c i f i c h e a t a t c o n s t a n t c r i t i c a l d e n s i t y , w h i c h d e r i v e s from ( T ) , 
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diverges as 
„ T - I 
Ok = 2 — ( 4 - 6 0 ) 
The critical exponent for the critical isotherm (x = 1) will be 
(4-61) 
Equations (4-58), (4-59), (4-60), and (4-61) indicate the critical expo­
nents satisfy the equalities conjectures by Widom and Fisher (Equations 
(2-31) and (2-32). 
From experimental measurements the critical exponents j 3 and Jf 
are positive values, therefore the critical parameter *J is restricted 
as 2 < T < 3 near the critical point. 
C, Frenkel-Band 1s Droplet Model and Critical Phenomena 
Comparing Equations (4-31) and (4-35), we notice that a tremendous 
similarity exists between Frenkel-Band and Fisher's droplet model. There­
fore, the same analysis can be applied for Frenkel-Band's approximate clus­
ter theory. However, in Frenkel-Band's model the corresponding critical 
parameters T = -3/2 and c = 2/3. From these two parameters we obtain 
all the critical exponents as <T= -2/7, = -21/4, t= 27/4, and ©T = 23/4. 
It is obvious that these values for the critical exponents cannot explain 
any kind of 'critical phenomena'. With the analysis in the end of the 
section IV-A, where ^ ( j ^ m u s t be a decreasing function o f f , we are not 
surprised that the Frenkel and Band's model is inadequate for the critical 
phenomena with their H ^ W e notice that this ^ term originally 
comes from the contribution of the momentum space to the partition func­
tion for the cluster of size jJ (see Equation (4-31)). Therefore, it is 
not hard for us to draw the conclusion that the assumption of 'the droplet 
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with $ molecules can be treated as a single 'molecule' with mass j?m' has 
been taken too seriously, which in turn means the contribution of the 
momentum space is far less than their assumption. 
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CHAPTER V 
HOMOGENEOUS ARGUMENT FOR THE EQUATION OF STATE 
NEAR THE CRITICAL POINT 
From the discussions given in the last two chapters, we have con­
cluded that the conventional analysis of equilibrium properties near the 
critical point, which utilize the conditions for thermodynamic stability 
and analyticity of the equation of state, does not give sufficient infor­
mation for the phenomena near the critical region. The additional tool--
critical exponents--seems to have an important role for differentiating 
the so-called 'classical' and 'non-classical' approaches. The van der 
Waals type of equation of state has been considered as 'classical' 
approach simply because the result of the critical exponents predicted by 
the model cannot explain the experimental data. The Ising model and 
Fisher's droplet model which both offer some insight into magnitudes and 
inter-relations of the critical exponents are generally considered as 
'non-classical' approaches. In this chapter we will discuss a more phe-
nomenological macroscopic approach which will show why the critical expo­
nents and their relations are useful. This phenomenological macroscopic 
model-independent approach is generally known as 'homogeneous argument of 
equation of state near the critical point' or 'scaling assumption for the 
equation of state near the critical region.' 
Homogeneous Argument of Equation of State 
Near the Critical Point 
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9 
I n 1 9 6 5 , a s p e c i f i c form was p r o p o s e d by B. Wldom f o r t h e e q u a ­
t i o n o f s t a t e o f a f l u i d n e a r t h e c r i t i c a l p o i n t . A f u n c t i o n ^ was 
i n t r o d u c e d w h i c h i s a f u n c t i o n o f two v a r i a b l e s , one a m e a s u r e o f t h e 
d e n s i t y o f t h e s y s t e m and t h e o t h e r a m e a s u r e o f t h e t e m p e r a t u r e . I t was 
s u g g e s t e d t h a t i n a r e a l f l u i d o f f i n i t e d i m e n s i o n a l i t y , t h e e q u a t i o n o f 
s t a t e n e a r t h e c r i t i c a l p o i n t i s c h a r a c t e r i z e d by ^ b e i n g a h o m o g e n e o u s 
f u n c t i o n o f i t s v a r i a b l e s , w i t h a p o s i t i v e d e g r e e o f h o m o g e n e i t y , and 
a n a l y t i c i n t h e o n e p h a s e r e g i o n . I t i s j u s t t h i s a s s u m p t i o n w h i c h l e a d s 
t o t h e n o n - c l a s s i c a l t h e r m o d y n a m i c b e h a v i o r n e a r t h e c r i t i c a l r e g i o n . 
F l u i d s o b e y i n g an e q u a t i o n o f s t a t e o f v a n d e r Waal s t y p e a r e c h a r a c t e r i z e d 
by b e i n g a c o n s t a n t . 
A. E q u a t i o n o f S t a t e 
The f o l l o w i n g e q u a t i o n i s t h e p r o p o s e d form o f t h e e q u a t i o n o f 
s t a t e i n o n e p h a s e r e g i o n n e a r t h e c r i t i c a l p o i n t : 
w h e r e AO - ^ ^ " ^ c ) / p c y t = (T - T ^ / T ^ , y = 1 9 T = T(f>J±s t h e e q u a ­
t i o n o f t h e c o e x i s t e n c e c u r v e i n t h e T, j> p l a n e . (The c r i t i c a l i s o c h o r e , 
p s p t , i n t h e jji, T p l a n e , and o n e g e n e r a l i s o c h o r e , a r e shown s c h e ­
m a t i c a l l y i n F i g u r e 5 - 1 . The g e n e r a l i s o c h o r e c o r r e s p o n d i n g t o d e n s i t y f> 
i n t e r s e c t s t h e c r i t i c a l i s o c h o r e a t t h e t e m p e r a t u r e 7Y^)where T - T ( f > } . 
The e q u a t i o n o f t h e c o e x i s t e n c e c u r v e i n t h e T , p p l a n e i s shown i n F i g u r e 
5 - 2 . The d i a g r a m f o r t h e c h e m i c a l p o t e n t i a l v s . d e n s i t y n e a r t h e c r i t i c a l 
p o i n t i s shown i n F i g u r e 5 - 3 . The E q u a t i o n ( 5 - 1 ) p r o v i d e s t h e n e c e s s a r y 
f e a t u r e s o f t h e e q u a t i o n o f s t a t e n e a r t h e c r i t i c a l p o i n t t h a t t h e c h e m i ­
c a l p o t e n t i a l r e d u c e s t o J J ^ ( ^ C J ) ^>oth when P = p 0 a n d T = T ( ^ ( b e l o w t h e 
Figure 5-2. The Coexistence Curve T = T(p) in the T-p Plane 
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c r i t i c a l t e m p e r a t u r e and a l o n g t h e c o e x i s t e n c e c u r v e ^ ( ^ t ) * M'lfa'f) ^P-ifc^) 
( S e e F i g u r e s 5 - 1 , 5 - 2 , and 5 - 3 . ) With t h e a s s u m p t i o n t h a t ^ i s a homo­
g e n e o u s f u n c t i o n o f i t s v a r i a b l e s w i t h a p o s i t i v e d e g r e e o f h o m o g e n e i t y , 
s a y ( X - 1 ) , t h e n what i s b e i n g c o n j e c t u r e d by Widom i s t h a t 
- t r ' ] £ ( i , Vt) t - o 
( 5 - 2 ) 
w i t h t h e a s s u m p t i o n t h a t ^ J i X i ) - M (|°c ~0] i s an a n a l y t i c f u n c t i o n 
o f b o t h d e n s i t y and t e m p e r a t u r e i n t h e o n e p h a s e r e g i o n . 
B. Thermodynamic B e h a v i o r n e a r t h e C r i t i c a l P o i n t 
C o e x i s t e n c e C u r v e . From I I - C and F i g u r e 5 - 2 , a p p r o a c h i n g t h e c r i t i ­
c a l t e m p e r a t u r e from b e l o w , t h e c o e x i s t e n c e c u r v e c a n b e w r i t t e n a s t h e 
f o l l o w i n g : 
1 
Tc - r(P) = 6 I A p l T ( 5 . 3 ) 
N o t i c e t h a t y = B^^I/S^J i s a q u a n t i t y w h i c h m e a s u r e s t h e d e n s i t y . 
C o m p r e s s i b i l i t y . The i s o t h e r m a l c o m p r e s s i b i l i t y K^ , i s d e f i n e d a s 
and c a n b e r e l a t e d a s ( 1<T ^ - P\f^)T ^ f ^ T ' 
From t h e c o e x i s t e n c e c u r v e and t h e e q u a t i o n o f s t a t e , E q u a t i o n s ( 5 - 1 ) and 
( 5 - 2 ) , w i t h t h e p o s i t i v e h o m o g e n e i t y f o r < & ( T , ) } ) , we f i n d 
( i ) on t h e c r i t i c a l i s o c h o r e ( Ap = O
 t t > o ) 
^/>p)T=fctr3>a.°) (5.4) 
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(ii) on the critical isotherm (t = 0) 
S E T ) * ' 
(iii) at the coexistence curve (t + y = 0) 
From the definitions of the isothermal compressibility and t, it 
is seen that the isothermal compressibility becomes infinite proportional 
to j T"*Tcl a s t n e critical point is approached along either the criti­
cal isochore or the coexistence curve. With Y^ that is with the 
degree of homogeneity ( ]f - 1) assumed positive, this is just the non-
classical behavior of the compressibility which is found in real systems. 
( Y - 1 is the classical result.) It is not hard to see for $ , a con­
stant, the critical exponent X equals 1. 
Critical Isotherm. For the critical isotherm, t = 0, the equation 
of state (5-1) can be written as: 
= F ( ° . 0 U / > | R / ?
 ( 5 . 7 ) 
Since the critical exponent for the critical isotherm is defined as , 
therefore the equality conjectured by Widom is satisfied (see Equation 
(2-31). 
Cons tant-volume Specific Heat on the Critical Isochore. As we 
noticed in Chapter II, the equation of state expressed in the form of 
Equation (5-1) is not a fundamental relation and does not contain all 
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possible thermodynamic information about the system. In fact the present 
equation of state actually is a partial differential equation of the free 
energy. Even if this equation were integrable, it would yield a funda­
mental equation with undetermined functions. To find the specific heat 
at constant volume from Equation (5-1), we have to integrate the present 
equation of state with respect to the density to get the free energy F 
and then obtain the specific heat. (C = - T -rqrx) Here we do not go 
v d T 
through the details to give an explicit form for the specific heat at 
constant volume, but discuss the singularity behavior near the critical 
point. 
From Equation (5-7) we notice that the chemical potential near the 
critical point is proportional to . After we integrate the 
equation of state with respect to density, we have the free energy which 
will be proportional to or t near the critical point (see 
Equation (5-20)). By taking the second derivative with respect to temper­
ature, we obtain the exponent for the specific heat at constant volume 
which is ? + < L p ~ 2 . . Together with the definition of the specific heat 
at constant volume near the critical point the equality c*» — , 
conjectured by Fisher (see Equation (2-32)) is arrived. 
Scaling Assumption for the Equation of State 
Near the Critical Point 
9 
In 1967, Griffiths adopted Wldom's homogeneous argument and 
proposed an equation of state near the critical point in magnetic lang­
uage, in which the homogeneous function •§> was replaced by a function h(x) 
of dimensionless quantities with appropriate combination of critical 
parameters. Even though it is a disguised form of Widom's expression, 
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the proposed equation of state by Griffiths does give simpler expressions 
and clearly defines conditions on h(x). Hence, it is often used by the 
experimentalists to confirm the scaling ideas near the critical region. 
A. Equation of State 
As we mentioned above, Griffiths has proposed an equation of state 
near the critical point in terms of magnetic language. The magnetic 
equation of state can be written as: 
H(M,T) = M | M | ^ _ 1 h(x) (5-8) 
near the critical point, where M is the spontaneous magnetization, 
x = t/ | M| l ^ and t = (T - T )/T . h(x) is analytic in its range of 
c c 
definition, -X q < x < oo , equals 0 at x = - x Q , the coexistence curve 
(M = B(- t)P for t < 0, therefore x Q is defined as B -*"^ ) and possesses 
series expansions. 
^ ^ ) S S N 4 > F ^ N X for large x (5-9) 
h < * ; = Z * f o r s m a 1 1 x (5-10) 
so that H is analytic in t and M across the critical 'isochore' (H = 0) 
for all t > 0. 
Using the transformation role given in Chapter III, the equation 
of state can be written for fluids as: 
<d/A = M < P . 0 - / X ( f c , t ) - ^ ( ° U P L J " f / l F ( K ) (5-11) 
with x = t / J ^ P J V ^ , A p = ( P 1 * c ) / f > c > a n d 1 = ( T " T c ) / T c - T h e connection 
between Equations (5-11) and (5-1) is given later. 
8 1 
B. Thermodynamic B e h a v i o r n e a r t h e C r i t i c a l P o i n t 
S u s c e p t i b i l i t y ( C o m p r e s s i b i l i t y i n F l u i d s ) . W i t h E q u a t i o n ( 5 - 8 ) 
and d e f i n i t i o n o f t h e i s o t h e r m a l s u s c e p t i b i l i t y we h a v e 
*
H/3M) T = X ' 1 = M * " ' S Mx)-j5"'x h\K) 
' ( 5 - 1 2 ) 
H e n c e , 
( i ) on t h e c r i t i c a l i s o c h o r e (H = 0 ; and f o r t >• 0 ) 
^
 = 1
 ^ o o ^ 1
 m ( 5 " 1 3 ) 




 ( 5 _ 1 4 ) 
The c r i t i c a l e x p o n e n t f o r t h e i s o t h e r m a l s u s c e p t i b i l i t y i s ^ , and from 
E q u a t i o n s ( 5 - 1 3 ) and ( 5 - 1 4 ) we o b t a i n t h e e q u a l i t y ( s e e E q u a t i o n ( 2 - 3 1 ) ) 
o n c e a g a i n . 
C r i t i c a l I s o t h e r m ( t = 0 , i . e . x = 0 ) . From t h e e q u a t i o n o f s t a t e , 
( 5 - 8 ) , we o b t a i n 
H ( M , T * ) = M "^ h(o) a l o n g t h e c r i t i c a l i s o t h e r m ( 5 - 1 5 ) 
S p e c i f i c Heat a t C o n s t a n t M on H = 0 . We h a v e t h e same p r o b l e m 
h e r e a s e n c o u n t e r e d i n Widom's a n a l y s i s , t h a t t h e f r e e e n e r g y i s n o t known. 
H o w e v e r , G r i f f i t h s h a s a s s u m e d t h e f r e e e n e r g y h a s t h e f o l l o w i n g f o r m : 
/UM.T) - / U R ) + i hi f + 1 A ( T I M / ' ^ ; (5-ie) 
i n t h e o n e p h a s e r e g i o n , w i t h A . Q ( T ) and a n a l y t i c f u n c t i o n o f t h e t e m p e r a ­
t u r e and a ( x ) s a t i s f y i n g t h e d i f f e r e n t i a l e q u a t i o n : 
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- x a c x ; + 5 + O a ( x ) = (5 hu) (5-17) 
By solving this differential equation, we obtain the free energy as a 
function derivable from the equation of state, Equation (5-8). The 
general solution of Equation (5-17) may be written as 
a < x ; = c x p + / 3 X p i j hcy)y <*y (5-18) 
Substituting Equation (5-18) into Equation (5-16), we get 
A ( M , T j = / L ( T J + t p k (C + pj hcy)y r dy (5-19) 
Near H = 0, i.e. for large x, with Equation (5-9), we have 
n-1 • - <5"20> 
With this expression, we can prove easily the equality given in Equation 
(2-30) for the critical exponents, by taking the second temperature deri­
vative - ^ - ^ 3 C < T + l ) - 2 or 2 ~ ( d> U + 
The Equivalence Between Widom and Griffiths' 
Equation of State Near the Critical Point 
Widom's equation of state (Equation (5-1)) can be written as: 
a j a =: A p t t * y ) y K ~ f £ (Vy. D 
8 3 
where y = 6 / T c |Apl"£ 
Let x = t/y 1 and with )f =• ^  (<f-1 ^ 
A P | A P L 5 " - 1 ( L + X ) $ ( X . U 
* A P | A P L ^ N ( X )
 ( 5 _ 2 1 ) 
where h(x) = (1 + x) § (x,l). 
Where Equation (5-21) is the equation of state proposed by Griffiths 
(see Equation (5-11)). 
Different Expression for the Equation of State 
Near the Critical Point 
In this section we utilize the scaling ideas proposed by Widom and 
Griffiths and propose different expressions for the equation of state 
near the critical point. 
We assume the equation of state near the critical point in the 
following form: 
4 M = < J U T - M ) / K T = A P ( T + U p l # ) $ I ( t f \&f>\,fi) 
and 
A y . m
 t ( * t * ) $ 2 ( tAf>\ttf) ( 5 . 2 3 ) 
where J - ^ , T£
 2
 a r e
 bomogeneous functions of their variables with Y-l degrees 
of homogeneity and J/A ±s analytic in Aj> and t in the one phase region. The 
rest of the notations have been defined before. 
The obvious difference between this equation of state and the one 
proposed by Widom is the definition of With his assumption, 
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AJUL = yU,lp,T)-/JL(PC > T ) 0 either along the coexistence curve or 
P pc. In this present proposed form, we allow AJU equal to zero only 
when both the temperature and density approach to the critical point. 
When temperature approaches the critical temperature, we will have the 
expression for the critical isotherm by using Equation (5-22) and for 
P - * P C the Equation (5-23) can describe the critical isochore. Writing 
the equation of state in this present form allows us to construct more 
expressions for the equation of state near the critical point, such as 
( 5 - 2 4 ) 
and 
(5-25) 
where » ^4 a r e bomogeneous functions of their variables with -( J" +1) 
degrees of homogeneity and ^9 is analytic in t and Afkin the one phase 
region. Notice that the way we have chosen the fluctuation variables near 
the critical point t, Aj> , and AJJ.with proper exponents, such as t,A^> ^ , 
and A J J L , in order to 'scale' all the critical exponents with the 
right order. Use the same technique in V-3 which we have shown the equi­
valence between Widom and Griffiths' equation of state near the critical 
point, we can transform Widom-like expression Equations (5-22, 23, 24, 25) 
to Griffiths-like expression as follows: 
AP> ~ Af I A f *••(*«)
 ( 5 _ 2 6 ) 
( 5 - 2 7 ) 
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1/r 
^ n. -o (5-31) 
J P 5 ^ C » * 3 (5-32) 
From these equations of state, we are able to describe the thermodynamic 
behavior near the critical point. We do agree that one should drive all 
the thermodynamic behavior from one equation of state as Widom and 
Griffiths have done. However, from a practical point of view, once we 
have a theoretical model which can describe the critical phenomena with 
an equation of state like Equation (5-32), one must be able to derive an­
other form like Equation (5-33), and these expressions do offer a clearer 
Ap = Ap. / l 3 < * J > (5-28) 
* P ** t * M * . )
 ( 5 . 2 9 ) 
where = ,
 X L = H P L/t> . * 3 - X 4 = ^ 
By assumption, for fixed density is analytic in t, so the function 
h(x^) in Equation (5=26) can be expanded in a power series, giving 
^ M ^ I A ( > \ Z i (5-30) 
' n-o 
By the same token, we have 
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picture than Griffiths 1 form. 
Critical Isotherm (t = 0 ) . We can express the critical isotherm 
in two ways: from Equation (5-28), we have 
A p «* A ^ ' ° h 3 ( 0 ) (5-34) 
while from Equation (5-26), we have 
A)J, ~ A f > hi (0)
 ( 5 . 3 5 ) 
Coexistence Curve. Equation (5-29) yields 
4p = h4(Q) ( 5.36) 
Critical Isochore. Equation (5-27) gives 
r>/3 
A}X = t hL ( o ) (5-37) 
Compressibility along Critical Isochore. Differentiating 
Equation (5-27) with respect to density given 
y * (5-38) 
Compressibility on the Coexistence Curve. Similar to Equation (5-
14), we have 
* * y > P ) 7 = t ^ x / - i - x „ - 6 p ( 5 . 3 9 ) 
Specific Heat at Constant Density on the Critical Isochore. The 
treatment will be the same as V-B. However, we will demonstrate the 
case using Equation (5-27). The free energy has the following form: 
/ U / O . r ; = Ao(T) + t^axCXj (5-40) 
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in the one phase region, with A (T) an analytic function of the tempera-
o 
ture and a^Cx^) satisfying the differential equation: 
a£(x 2) = h 2(x) (5-41) 
By solving the differential equation, we have 
( 5 - 4 2 ) 
Therefore, the can be obtained: 
(5-43) 
Since A (T) is analytic, on the critical isochore , 4 P - ° 
o ' 
(notice that the constant C is the same C derived by Griffiths in Equa­
tion (5-19).) 
Application and Evidence for the Homogeneous 
Argument Appeared in the Equation of State 
for the Theoretical Model 
A. Experimental Confirmation 
40 
Magnetic Systems. In 1967, Kouvel and Rodbell studied the experi­
mental data for Ni and Cr0 2. Although the critical behavior for these two 
ferromagnets are quantitatively very different, they found both of them 
obey the same special type of equation of state which is isomorphic with 
Widom's assumption for the equation of state near the critical point. 
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A few months later, Arrott and Noakes found that the critical be­




Most recently, Ho and Litster have found that the insulating 
ferromagnet CrBr^ near its critical temperature can be explained by an 
equation of state with scaling assumption. 
Therefore, it is confirmed by these experiments that the scaling 
assumption for the equation of state near the critical point is a proper 
criterion for explaining the critical phenomena. 
4 3 
Fluid System. Recently, Vicentini-Missoni, Sengers and Green 
have proposed an equation of state near the critical point which is based 
upon Griffiths 1 scaling assumption. With this empirical equation of 
state they have found the agreement with various experiments. The pro­
posed equation of state can be expressed as follows: 
A)X= *p U p ] * " '
 h<x) (5.44) 
hi«) = E . ( t + y x . ) ( i + Ei(i*%.K]u4?--
with A JJ. = JAif.t ) -fXlpc>t> £p a CP"P'>/f>c 
and E2: adjustable constants and x^ can be determined by the coexis­
tence curve as described by Griffiths. 
With X Q , ^ , S > E-^> a n d E 2 a s adjustable parameters, they have 
used a least-square analysis of experimental data and find all the criti-
4 
cal exponents and coefficients for CC^, Xe and He . The proposed form 
of a scaling-law equation doe describe the data of the three gases to 
within their estimated precision. 
B. Theoretical Models 
Bragg-Williams Lattice Gas (van der Waals' type gases). From 
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E q u a t i o n (3 -48) , t h e e q u a t i o n o f s t a t e f o r B r a g g - W i l l i a m s l a t t i c e g a s c a n 
b e e x p r e s s e d a s : 
P = - J P ^ - K T l ° & ( t - p ) (5-45) 
3* P/ i ) 
The c r i t i c a l p o i n t c a n b e d e t e r m i n e d by ^P/^P)Tc ~ '^P Tc ~ ° 
Pc * 2 > K T c = J / 2 (5-46) 
F o l l o w i n g Widom's h o m o g e n e o u s argument we c a l c u l a t e 
4 P = | P - P J = I P C P . T ) - p i p c , T ) i 
By i n t r o d u c i n g Ap~f>-f*c and t = T £ - T and u s i n g E q u a t i o n (5 -47) , we 
o b t a i n 
Ap = Ap ( t + 8 4 p % 0{APZ)) xK K - 2 f o
€ 
(5-48) 
By n e g l e c t i n g h i g h e r o r d e r s o f A P , i n d e e d we get. Widom's e x p r e s s i o n w h e r e 
t h e h o m o g e n e o u s f u n c t i o n £ i s a c o n s t a n t 2K. I t i s o b v i o u s t h a t t h e 
i s o t h e r m a l c o m p r e s s i b i l i t y on t h e c r i t i c a l i s o c h o r e 
i s a c l a s s i c a l r e s u l t . 
I d e a l B o s e - E i n s t e i n M o d e l . Green and Cooper h a v e u t i l i z e d t h e 
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i d e a l B o s e - E i n s t e i n m o d e l , by i n t r o d u c i n g a l i n e a r c o u p l i n g o f t h e 
b o s o n o p e r a t o r s t o d e s t r o y t h e p h a s e s y m m e t r y , t o s t u d y t h e p h y s i c a l 
b e h a v i o r i n t h e v i c i n i t y o f t h e t r a n s i t i o n . In t h e i r a n a l y s i s t h e e q u a ­
t i o n o f s t a t e c a n b e e x p r e s s e d a s an o r d e r e d s e r i e s i n a p p r o p r i a t e l y 
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scaled thermodynamic variables. In the vicinity of the transition, the 
first term in the expansion exhibits the homogeneous form of a scaled 
equation of state which shows a power-law behavior with non-classical 
exponents. The equation of state near the critical point was written as: 
where h ( X ) = 
The complete set of critical exponents is at = -1, 1/2, |'=s2, S= 5, 
which satisfies the equalities conjectured by Widon and Fisher. 
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The Scheme of Kadanoff. In 1966, Kadanoff introduced a model 
for describing the behavior of the Ising model very near T £ . The des­
cription is based upon dividing the Ising model into cells which are 
microscopically large but smaller than the coherence length and then 
using the total magnetization within each cell as a collective variable. 
From this model, he found that the singular part of the free energy per 
atom, that is, the part yielding the dominant singularities in the thermo­
dynamic functions near the critical point, can be expressed as: 
A (t.H) = t2~* f ( tSf/H) t>o 
- I t|2"* & ( lt»*%) t<o 
(5-50) 
There is not explicit expression for F or G; however, with this expression 
the scaling assumption is satisfied. 
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The Scheme of Domb and Hunter. Domb and Hunter have used high 
temperature series expansion to characterize the behavior of the Ising 
model of a ferromagnet in a non-zero magnetic field. For small values 
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of field and temperature near T , the equation of state is proposed as 
H - M tr &(M2t'2h (5-51) 
with G ( U ) = L 6 N A " {« = M7t2P) 
If we replace t ^  (which is t ^ ) by |M ! ^ and uT^ by x, we 
will have the same expression as Griffiths. There is no exact expression 




HOMOGENEOUS EQUATION OF STATE FOR LIQUID DROPLET 
MODEL NEAR THE CRITICAL POINT 
From the last chapter we have noticed that the homogeneous equa­
tion of state for the critical region has been widely used and confirmed 
for a variety of gases and magnetic materials. However, only a few theo­
retical modles have implicitly constructed such a homogeneous equation 
of state and explicitly expressed the homogeneous function in specific 
forms. In this chapter the liquid droplet model introduced by Fisher is 
used to establish a homogeneous equation of state which agrees with the 
homogeneous argument of the equation of state exactly. At the same time, 
we carry through the liquid droplet model to quantitatively meaningful 
answers. 
Model near the Critical Point 
In Chapter IV Fisher's droplet model was shown to give the pres­
sure and density for an infinite system as: 
Homogeneous Equation of S t a t e for Liquid Drople t 
11 
(6-1) 




with the assumption that the most probable surface area S of a cluster 
n o r * 
size y will vary as —a k ( J L - » ° ° ) with, necessarily for d "3L 2, 
0 < 0 " < 1, where aQ = a Q ( T ) , and no interaction between dimensionality 
clusters. (Notations are defined in Chapter IV.) 
From Fisher's analysis, the critical point is located at x = 1, 
and y = 1, i.e. 
T c - , Z c = e x p - C
 e
' / K T
 +
 5 V K ) 
and near the critical point, 





f n y » I n * - 1 * *c - (/^-^VKT (6-7) 
The critical pressure, density, and compressibility factor (critical ratio) 
can be written as follows: 
e » _ 
( 6 - 8 ) 
(6-9) 
(6-10) 
where 7j(x) is a Zeta function of x. 
With this information, we start to establish the homogeneous equa­
tion of state for liwuid droplet model and its quantitative analysis. 
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A. Equation of State in the Region T £ > T and JLAC>/Jl 
In this region, we define t = (T - T)/T and A L A »(Mt'MtykT, 
c
 c ' 
and hence from Equations (6-7) and (6-6) we have 
1n * = " V O (6-11) 




We first start from Equation (6-2), near the critical point we can 
approximate Equation (6-2) as 
P = & ( T - 2 ) ^ ( T - i ; rV' TX*"V 1 RFA (6-13) 
We replace the sum by an integral with a factor ( 7 " _ 2) *7£( 7" - 1) in 
order to get agreement with p c at x = y = 1. 
Use Equations (6-11) and (6-12) -t = D lnx and ^jLA-- I n J, and 
change variable J ^ 3 ^ V ^ U » w e have 
oo 
( 0 = ^ C T - 2 ) ^ ( T - 1 )
 ( A M ) T - J 4 M § " T « > « P C - C ? ^ > < * ? (6-14) 
where C = ^ / • 
Now we can treat p as a function of c and expansion in a Taylor 
series of c yields 
pCO = P C 0 ) + * P / D C ) E C + • < » > / * " ) . • • • • ( 6 . 1 5 ) 
N . T - 2 R * > 1 - T * R > R * 
(6-16) 
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where is an incomplete Gamma function and can be 
expressed in terms of the following form:^ 
By neglecting higher orders of £ } X , we have 
(6-17) 
- i ? t T - » ; * M - r t 3 - T j ^ 7 - 2 ) L r — ? r r — c J ( 6 - i 8 ) 
with />fc-|,5tT-i; > Ap^'-pVfc -and J»ytr-u, 
(See Equations (4-58, 61), (6-9), we have 
4p = 4 , A / J ( R S - T ) - (7-2;Z <-0 f^x>w- (-jfr,) J 
(6-19) 
K L - 1 
where C 0 = OO (T-2)D ' • 
for n + 0 (6-20) 
Co « rC3-r) 
Comparing with Equation (5-32), we see we get exactly the same 
expression as for the equation of state near the critical point with the 
scaling assumption. 
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By u s i n g E q u a t i o n s ( 6 - 1 1 ) , ( 6 - 1 2 ) , and ( 6 - 1 3 ) , we a l s o c a n make 
t h e c h a n g e o f v a r i a b l e X — ^ and h a v e 
Yt> ( 6 - 2 1 ) 
Use t h e same a n a l y s i s and we c a n o b t a i n 
n = o ' ( 6 - 2 2 ) 
w h e r e 4
 n — C - t ) D r * V f • H ^ O 
do - r(i-p>/D' 
w h i c h a g a i n e x a c t l y a g r e e s w i t h E q u a t i o n ( 5 - 3 3 ) . 
B. E q u a t i o n o f S t a t e i n t h e R e g i o n T > T £ and < jU^ , 
F o r t h i s c a s e , we a s s u m e t ' = (T - T ) / T and A}X ~ ( ^ ' ^ / K T 
c 
and t h e r e f o r e , 
InX * C/p and Inv/ = ( 6 - 2 3 ) 
We n o t i c e t h a t t h e o n l y t h i n g h a s c h a n g e d i s t h e s i g n f o r I n x . T h e r e f o r e 
E q u a t i o n s ( 6 - 1 4 ) and ( 6 - 2 1 ) c a n b e w r i t t e n a s 
T~2 r i 7" 
( 6 - 2 5 ) 
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w h e r e C ' « P ^ V / T ' * . 
From E q u a t i o n ( 6 - 2 4 ) we c a n d e r i v e t h e f o l l o w i n g form u s i n g t h e 
same a n a l y s i s a s b e f o r e : 
- ^ ? ^' / <' ^ ( 6" 2 6 ) 
H o w e v e r , f o r E q u a t i o n ( 6 - 2 5 ) we a r e n o t a l l o w e d t o h a v e a power 
s e r i e s w i t h a from a s : ADmt' £ > 1 N ( 4 M / T ^ / , s i m p l y b e c a u s e when 
r
 n s 0 
C = 0 t h e d e n s i t y i s g o i n g t o a p p r o a c h i n f i n i t y . A n o t h e r way t o l o o k 
a t t h i s p r o b l e m i s t h a t t h e e q u a t i o n o f s t a t e , E q u a t i o n ( 6 - 1 ) o r ( 6 - 2 ) i s 
n o t a n a l y t i c f o r x > 1 ( i . e . I n x > 0 ) a t y = 1 ( i . e . 4 ^ L A = 0 ) . 
C. E q u a t i o n o f S t a t e i n t h e R e g i o n T < T c and p. yJLAC 
Use t h e same a r g u m e n t a s we h a v e had i n S e c t i o n B, we c a n n o t h a v e 
t h e e x p r e s s i o n f o r A p ~ A)A £ J *t'" t V 
w h e r e A } X = ( U"^c)^j
 t b u t w i l l h a v e 
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D. E q u a t i o n o f S t a t e i n t h e R e g i o n T > T £ and JUL >/Ac 
I n t h i s r e g i o n , t h e e q u a t i o n o f s t a t e d o e s n o t e x i s t f o r t h e d r o p ­
l e t m o d e l . I t i s n o t h a r d t o s e e t h a t t h e s e r i e s i n E q u a t i o n (6-1) i s 
n o t c o n v e r g e n t f o r x > 1 and y > 1. 
Now we c a n c o n c l u d e t h a t t h e d r o p l e t m o d e l d o e s g i v e an e x p l i c i t 
e x p r e s s i o n c o r r e s p o n d i n g t o t h e s c a l i n g a s s u m p t i o n f o r t h e e q u a t i o n o f 
s t a t e n e a r t h e c r i t i c a l r e g i o n . S i n c e a l l t h e c o e f f i c i e n t s i n t h e s e r i e s 
c o n t a i n t h r e e p a r a m e t e r s T , 0 " , and D, a l l t h e c r i t i c a l phenomena c a n 
be d e s c r i b e d by t h e s e t h r e e p a r a m e t e r s . The s i g n i f i c a n c e o f t h e s e t h r e e 
p a r a m e t e r s w i l l b e d i s c u s s e d i n t h e f o l l o w i n g : 
( i ) S i g n i f i c a n c e o f ( T . From t h e d e f i n i t i o n o f t h i s p a r a m e t e r we c a n 
s e e t h a t cr i s a c r i t i c a l p a r a m e t e r d e s c r i b i n g t h e s h a p e o f t h e s u r f a c e 
o f t h e c l u s t e r n e a r t h e c r i t i c a l p o i n t . F o r e x a m p l e , when t h e ^ - c l u s ­
t e r i s i n s p h e r i c a l s h a p e , t h e c o r r e s p o n d i n g v a l u e f o r (T i s 2 / 3 , and f o r 
t h e c l u s t e r w i t h a l l t h e m o l e c u l e s s i t t i n g on t h e s u r f a c e t h e c o r r e s p o n d ­
i n g v a l u e w i l l b e 1 , ( o r a l o n g c h a i n o f m o l e c u l e s ) . 
( i i ) S i g n i f i c a n c e o f D. From t h e d e f i n i t i o n ( S e e E q u a t i o n 6-6) 
we c a n i n t e r p r e t D a s t h e r a t i o o f t h e t h e r m a l e n e r g y n e a r t h e 
c r i t i c a l p o i n t and t h e m i c r o s c o p i c s u r f a c e e n e r g y . T h e r e f o r e , when 
D » 1, i . e . t h e t h e r m a l e n e r g y ( o r a v e r a g e k i n e t i c e n e r g y p e r p a r t i c l e ) 
i s much l a r g e r t h a n t h e m i c r o s c o p i c s u r f a c e e n e r g y we w i l l n o t e x p e c t any 
p h a s e t r a n s i t i o n . On t h e o t h e r hand we s h a l l e x p e c t t h e m a g n i t u d e f o r D 
n e a r t h e c r i t i c a l p o i n t h a v i n g t h e o r d e r 1. 
( i i i ) S i g n i f i c a n c e o f T . The s i g n i f i c a n c e o f s e e m s t o b e more a m b i g u ­
o u s t h a n t h e o t h e r two p a r a m e t e r s . In F i s h e r ' s p a p e r , ^ t h e p a r a m e t e r 
was e x p l a i n e d a s due t o t h e ' c l o s e d ' e f f e c t on t h e s u r f a c e o f t h e c l u s t e r 
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n e a r t h e c r i t i c a l p o i n t and o n l y d e p e n d i n g on t h e d i m e n s i o n a l i t y . We 
s h a l l r e v i e w t h e s i g n i f i c a n c e o f T l a t e r i n t h i s c h a p t e r . 
F u r t h e r m o r e , we n o t i c e t h a t i n E q u a t i o n s (6-26), we 
r e p l a c e t 1 by - t , we g e t E q u a t i o n (6-20). I t i s a l s o t r u e t h a t r e p l a c i n g 
AM' by i n E q u a t i o n (6-27) y i e l d s E q u a t i o n (6-22). T h e r e ­
f o r e , n e a r t h e c r i t i c a l p o i n t f o r t h e l i q u i d d r o p l e t m o d e l we h a v e o n l y 
two e x p r e s s i o n s w i t h t h e s c a l i n g a s s u m p t i o n . In t h e s e e q u a t i o n s o f 
s t a t e t h e e v e n p o w e r s i n t h e s e r i e s do n o t v a n i s h w h i c h means t h e l i q u i d 
d r o p l e t m o d e l d o e s n o t p r o v i d e t h e s y m m e t r i c c o n d i t i o n a s g i v e n i n Widom 
and G r i f f i t h s 1 a n a l y s i s ( i n w h i c h t h e f r e e e n e r g y i s an e v e n f u n c t i o n 
o f dp, h e n c e A ) X i s an odd f u n c t i o n o f 4p ) . T h e r e f o r e , f o r f u r t h e r 
s t u d y o f t h e d r o p l e t m o d e l , we recommend a d d i n g a c o n s t r a i n t i m p o s i n g t h i s 
s y m m e t r i c c o n d i t i o n o n t o t h e l i q u i d d r o p l e t m o d e l . Wi th t h i s c o n d i t i o n , 
we may f i n d a b e t t e r m o d e l f o r d e s c r i b i n g t h e c r i t i c a l p h e n o m e n a . 
Thermodynamic B e h a v i o r Near t h e C r i t i c a l P o i n t 
We h a v e m e n t i o n e d b e f o r e t h a t t h e h o m o g e n e o u s e q u a t i o n o f s t a t e 
f o r t h e l i q u i d d r o p l e t m o d e l n e a r t h e c r i t i c a l p o i n t o n l y c o n t a i n s t h r e e 
c r i t i c a l p a r a m e t e r s . F o r t h i s r e a s o n , i t i s o b v i o u s t h a t t h e c r i t i c a l 
e x p o n e n t s and c o e f f i c i e n t s m u s t h a v e c e r t a i n c o r r e l a t i o n s among t h e m . 
In t h e l a s t c h a p t e r , we n o t i c e d t h a t t h e e m p i r i c a l e q u a t i o n o f s t a t e 
p r o p o s e d by G r e e n e t a l . h a s more t h a n f i v e p a r a m e t e r s . T h e r e f o r e i t i s 
v e r y s i g n i f i c a n t t o f i n d t h e p o s s i b l e r e l a t i o n s h i p among t h e s e c r i t i c a l 
p a r a m e t e r s w i t h p h y s i c a l s i g n i f i c a n c e . I n t h i s s e c t i o n we t r y t o d e r i v e 
t h e p o s s i b l e r e l a t i o n among t h e c r i t i c a l e x p o n e n t s and c r i t i c a l c o e f f i ­
c i e n t s w i t h i n t h e l i m i t o f t h e l i q u i d d r o p l e t m o d e l . 
A. C o m p r e s s i b i l i t y F a c t o r a t t h e C r i t i c a l P o i n t and t h e C r i t i c a l E x p o n e n t 
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From Equation (6-10) 
and = 1/(7'- 2 ) , there exists a relation between the critical exponent 
$ and the compressibility factor at the critical point. The idea is 
straightforward from the liquid droplet model that both quantities are 
function of f only. However, it is the first theoretical model has ever 
suggested this particular relationship. We will carry on the numerical 
calculation in the next section and propose this relationship to predict 
experimental results. 
B. Critical Isotherm 
From the proposed homogeneous equation of state for liquid droplet 
model near the critical point, Equation (6-19), we can easily determine 
the critical exponent and coefficient for the critical isotherm, by 
letting t = 0 we have 
V T - 2 
= 1 AjLl V* T( i-Ys) . (6-28) 
It is interesting that the critical exponent and coefficient for the criti 
cal isotherm only depend on the critical parameter T . Together with the 
statement we had in the last section concerning the relationship between 
$ and the compressibility factor at the critical point, it means when­
ever we locate the critical point, i.e. determine the critical pressure, 
density and temperature, with this model, we can predict the behavior for 
the critical isotherm. 
C. Coexistence Curve 
With the analysis of the liquid droplet model, we notice that no 
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real coexistence curve can be found. Since for jUL c <M and T < T^, we 
only can find the density for the gas part, p < p c . However, near 
the critical point when JLA-*JUC, Equation (6-22) will behave like a 
coexistence curve, 
(6-29) 
Again, it is interesting to see the association with the critical para­
meters that the critical coefficient is much dependent upon the critical 
exponent. 
D. Isothermal Compressibility Kj, on the Critical Isochore 
We can derive the isothermal compressibility on the critical 
isochore very easily from Equation (6-22). When we check back to Equa­
tion (5-29), we can see the on the critical isochore can be expressed 
(6-30) 
We are not able to find the isothermal compressibility on the critical 
isochore for T > T £ , since the pressure, density and compressibility are 
not analytic in this region, as we have discussed before. It is also not 
proper to calculate the isothermal compressibility along the coexistence 
curve because the droplet model does not provide a complete coexistence 
curve. Therefore it is a worthwhile program for the future to push this 
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liquid droplet model in a form which can provide all the information near 
the critical point. 
12 
Applications 
In this section we will utilize the droplet model to make a quan­
titative analysis near the critical point. Since the model itself does 
not provide the calculation for the three critical parameters, we have to 
use the known experimental data to fix T , 0 " , and D and then calculate 
all the critical exponents and coefficients provided by the droplet model. 
The results show a striking agreement with the experiment. 
A. Compressibility Factor and Critical Exponent 
From the last section we found that there is a relationship between 
the compressibility factor at the critical point and the critical exponent 
£ . With the known P c, T £ and pc we are able to calculate the critical 
exponent & , or for given <$" we can predict the compressibility factor 
12 
at the critical point. 
On this basis, we have investigated the $ for fluids by given com­
pressibility factor at the critical point, and compressibility factor at 
the critical point for van der Waals 1 gases, Bragg-Williams' lattice 
gases and Ising lattice gases by the known -value. 
From the experimental point of view, it is easier to determine the 
critical pressure P c, critical temperature T £ , and critical density P ^ 
and hence the compressibility factor at the critical point, then the 
critical exponent & . With this in mind, we have chosen the known com­
pressibility factor at the critical point to predict the ^-values for 
fluids. Three classes of substances, which include simple almost spheri­
cal non-polar molecules, most ellipsoidal hydrocarbons, and polar gases 
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a r e i n v e s t i g a t e d . For t h e s i m p l e a l m o s t s p h e r i c a l n o n - p o l a r m o l e c u l e s , 
& v a r i e s from 4.2 t o 4.5. As f o r t h e h y d r o c a r b o n s we h a v e e x a m i n e d 17 
d i f f e r e n t s u b s t a n c e s , w h i c h a r e l i s t e d i n T a b l e VI-1. The v a l u e o f £ 
f o r t h i s g r o u p i s a p p r o x i m a t e l y e q u a l t o 5, e x c e p t f o r E t h y l e n e and 
n - B u t a n e w h i c h h a v e t h e v a l u e 4.48 and 5.3 r e s p e c t i v e l y . T h e r e a r e l a r g e 
d e v i a t i o n s f o r t h e c l a s s o f p o l a r g a s e s ( s e e T a b l e V I-1). The c a l c u l a t e d 
v a l u e o f % r a n g e s from 4.9 t o 7.9, h o w e v e r , e x c e p t f o r C 2 H 5 C I , a l l o f 
them a r e l a r g e r t h a n 5.0. Comparing t h e s e c a l c u l a t e d ^ - v a l u e s w i t h t h e 
a v a i l a b l e r e s u l t s o b t a i n e d by e x p e r i m e n t a l a n a l y s i s f o r some n o n - p o l a r 
a l m o s t p s h e r i c a l g a s e s , we s e e t h a t t h e p r o p o s e d r e l a t i o n i s i n e x c e l l e n t 
a g r e e m e n t w i t h e x p e r i m e n t ( s e e T a b l e V I-2). T h e r e f o r e , we h a v e p r e d i c t e d 
t h e S - v a l u e i s a b o u t 5.0 f o r h y d r o c a r b o n s and l a r g e r t h e n 5.0 f o r p o l a r 
m o l e c u l e s . 
B o t h o f t h e s e q u a n t i t i e s a r e e x a c t l y known f o r v a n d e r W a a l s ' g a s 
and B r a g g - W i l l i a m s ' l a t t i c e g a s . T h e r e f o r e , we c a n u s e w i t h e r q u a n t i t y 
a s o u r i n p u t d a t a . H e r e we u s e d & =3 and t h e c o r r e s p o n d i n g c o m p r e s s i ­
b i l i t y f a c t o r a t t h e c r i t i c a l p o i n t c a l c u l a t e d by t h e d r o p l e t m o d e l i s 
0.392, w h i c h i s v e r y c l o s e t o t h e v a l u e s o b t a i n e d by t h e t h e o r e t i c a l 
m o d e l s , w h i c h h a v e 0.375 and 0.3863 f o r v a n d e r W a a l s and B r a g g - W i l l i a m s 
l a t t i c e g a s r e s p e c t i v e l y ( s e e T a b l e V I-3). F o r I s i n g l a t t i c e g a s e s , we 
h a v e c h e c k e d t h e s q u a r e and t r i a n g u l a r l a t t i c e s i n two d i m e n s i o n s , and 
s i m p l e c u b i c and f a c e - c e n t e r e d c u b i c l a t t i c e s i n t h r e e d i m e n s i o n s . In 
t h r e e d i m e n s i o n a l I s i n g l a t t i c e g a s e s , t h e v a l u e o f i s s u g g e s t e d a s 
8 
5.20 ± 0.15, w h i c h w i l l g i v e t h e c o m p r e s s i b i l i t y f a c t o r a t t h e c r i t i c a l 
p o i n t , from t h e p r o p o s e d r e l a t i o n , a s 0.252 - 0.2645. Compar ing w i t h t h e 
r e s u l t s e s t i m a t e d by I s i n g l a t t i c e g a s e s i t s e l f , 0.246 f o r s i m p l e c u b i c 
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Table VI-1. Calculated Date for the Critical Exponent 
Simple Almost Spherical Non-Polar Molecules 
Molecule Compressibility Factor 
48 
He" 





















































































Table VI-1 (Continued) 
Molecule Compressibility Factor 
Diisopropyl 0.266 2.199 5.013 
Diisobutyl 0.262 2.196 5.107 
Ethyl Ether 0.262 2.196 5.107 
Ethylene 0.291 2.223 4.479 
Propylene 0.273 2.206 4.854 
Acetylene 0.275 2.208 4.810 
Polar Molecules 
CH 3CN 0.181 2.126 7.926 
H 2 0 0.224 2.162 6.177 
N H 3 0.238 2.174 5.744 
CH 30H 0.220 2.158 6.311 
CH 3CL 0.258 2.192 5.206 
C 2 H 5 C 1 0.269 2.202 4.944 
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Table V I r 2 . Available Experimental Analysis 
of the Critical Exponent 
Gases § Reference 
C 0 £ 4 . 6 ± 0 . 0 6 ( 4 3 ) 
4 . 0 ( 4 9 ) ( 5 0 ) 
Xe 4 . 6 ± 0 . 1 ( 4 3 ) 
•k-k 
4 . 2 ( 4 9 ) ( 5 1 ) 
H £ 4 . 2 * * ( 4 9 ) ( 5 2 ) 
H e 4 4 . 4 5 ± 0 . 1 0 ( 4 3 ) 
Larson and Sengers suggested that in the critical region the P-p 
isotherms may in fact be much flatter than has been inferred from PVT 
work because of inherent limitations in the method. Therefore the 
values of f are expected to be larger than the values indicated in 
•k-k 
the Table with 
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Table VI-3. Comparison of Compressibility Factor at the 
Critical Point Predicted by the Proposed Relation with Results 
Obtained by other Theoretical Models 
Model Prediction 
























lattice and 0.285 for face-centered cubic lattice, the agreement seems 
reasonable. In tow dimensional Ising lattice gases, it is generally 
believed that the & -value is exactly equal to 15 for a variety of lattices. 
From our calculation, the corresponding compressibility factor at the cri­
tical point is 0.1018. Comparing with the value of 0.0986, obtained from 
Ising model calculation, for square lattice gas we have less than 5% devi­
ations. Comparing with the value of 0.1112 for triangular lattice gas 
we have less than 10% error. Therefore, the model dependent proposed 
relation strongly suggests that there is a connection between the critical 
exponent & and the compressibility factor at the critical point. At the 
same time, within the model, the structure dependence of the T -value, 
which is generally believed to be a parameter only dependent on dimen­
sionality as we mentioned beofre, may also throw some light on the 
significance of the critical exponents. 
It will be interesting to have some experimental measurements of 
the critical exponent 8 for some substances in the class of hydrocarbons 
and polar gases to confirm or demonstrate the inadequacies of the proposed 
formula. 
B. Critical Exponents and Coefficients 
4 
Here, we have chosen the experimental data of C O 2 , Xe, and He to 
compare with the calculated data obtained from the analysis of the liquid 
droplet model. As we mentioned before the model itself does not provide 
values for 7*» °~ > a n ^ D» thus we have to use the epxerimental data to 
• 
determine these three parameters. We have selected the compressibility 
factor at the critical point, |5 and B (determined by the coexistence 
curve), merely because more complete and reliable information can be 
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Table VI-4. Notations for Thermodynamic Function 
for a Fluid Near the Cr i t i ca l Point 
Coexistence Curve ^lp 25 BC~t)^ 
Heta Capacity at the C v — k / <k [ t~ "
 1
 J t*>° 
Constant Volume 
=s - A lot * = ° 
Cri t i ca l Isotherm ajj^ « A (Ap)i" t ~° 
Isotherm Compressibility |^^. « . C t ^ 
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Table VT-5. Critical Exponents and Coefficients 
in Terms of Three Parameters Appeared in the 
Liquid Droplet Model 
<r 
Pc _ JjlX) 
Table VI-6. Experimental Data for the Critical Exponents and Coefficients 
Gases y 





(5b) +0 1 







1.8 0.2 0.3 
1.16±0.11 
(49) 
H e 4 0 . 1 2 7 ( 5 5 ) 0.353±0.003 l.liO.l 
0.3742^ 5 5 ) 1 . 1 5 ( 5 5 ) 
3 . 8 - 4 . 1 ( 5 6 ) 1.4 
0.354±0.010 
(56) 
Table VI-7. Results Obtained from Fitting the Homogeneous 
Equation of State 
Gases a $ y 6 B C A 
C 0 2 0.04 0.35Ot0.008 1.26 4.60±0.06 2.0 0.0526 2.6 
Xe 0.04 0.35Ot0.008 1.26 4.60±0.1 1.91 0.059 3.3 
H e 4 0.05 0.359±0.002 1.24 4.45±0.10 1.44 0.130 3.2 
Table VI-8. Fitting Data from the Homogeneous Equation of 
State for the Liquid Droplet Model 
Compressibility ^
 R * - _ * . 
G a s e s
 Factor*< 1 7) P Y 6 C B A 
C 0 2 0.287 0.0546 0.35 1.225 4.558 0.1824 1.83 0.842 2.219 0.6267 0.4505 
Xe 0.290 0.0754 0.35 1.245 4.499 0.2278 1.8 0.870 2.222 0.635 0.525 
H e 4 0.304 0.1267 0.36 1.156 4.218 0.4989 1.4 0.827 2.237 0.660 1.0 
Experimental data used to determine T , a , D. 
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obtained for these than for other critical exponents and coefficients. 
Notice that we do not choose two critical exponents at the same time. For 
doing that we can simply calculate the other critical exponents by the 
equalities of the critical exponents instead of using the analysis of the 
model. From the last section, by knowing the compressibility factor, we 
are able to calculate the critical parameter T . Combining the calculated 
value of T and given ^ we can determine the second parameter. Together 
with B, which is a function of T , , and D, we can complete the infor­
mation of these three parameters. 
In Table VI-4, we summarize the notations for thermodynamic functions 
for a fluid near the critical point. Table VI-5 shows the critical ex­
ponents and coefficients in terms of three parameters appearing in the 
liquid droplet model. Table VI-6 gives the experimental data of the cri­
tical exponents and coefficients and Table VI-7 gives the results obtained 
by Vicentini-Missoni, Sengers and Green, from fitting the homogeneous 
function they proposed. Table VI-8 demonstrates the calculated data from 
the liquid droplet model and the experimental data used for fixing the 
undetermined three critical parameters. 
Discussion 
From our study of the liquid droplet model, it strongly suggests 
that this model can be considered as a good candidate for describing the 
critical phenomena. We shall summarize the reasons in the following 
manner: 
1. It has been proved by Fisher that the liquid droplet model can 
verify Mayer's conjecture for the singularity behavior of the equation of 
state near the critical point. From the analysis in Cahpter 4, the small-
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est real positive singularity does give the condensation point in this 
model. 
2. Fisher also has demonstrated that the critical exponents in 
the droplet model only depend upon two critical parameters. In other 
words, the critical exponents in the liquid droplet model do satisfy the 
equalities for the critical exponents which have been conjectured by 
Widom and Fisher and confirmed by various experimental results. 
3. The liquid droplet model offers an explicit expression for the 
equation of state near the critical point which exactly agrees with the 
scaling assumption, which is another important criteria for critical 
phenomena. 
4. The most important of all is that the correlation between the 
critical exponents and coefficients predicted by the droplet model has 
been verified by different experimental data for various substances. 
Therefore, we can be very certain that the present form for the 
liquid droplet model can be considered as a good trend for further study 
of the critical phenomena. 
However, we have to be very careful not to draw a conclusion that 
the liquid droplet model in the present form is THE MODEL for describing 
the critical phenomena. As we noticed before, plenty of justifications 
are needed to bring this model in a completely satisfactory presentation 
for critical phenomena. We shall summarize these again in the following 
way: 
1, The liquid droplet model cannot explain all the regions near 
the critical point because of the restriction of the analyticity for the 
equation of state. For example, we are not able to study the critical 
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isochore in the region of T > T , and the critical isotherm in the region 
of )X >y^c , etc. 
2. The liquid droplet has three undetermined parameters. Com­
paring with the Ising lattice gases, which provides all the calculations 
by itself, the liquid droplet model definitely does not offer completely 
self-consistent information. Therefore, a microscopic picture is needed 
to construct the detailed information for the physical clusters. 
3. The significance of the critical parameter T is not clear. From 
Frenkel-Band's droplet model we notice that the corresponding parameter 
is fixed due to the dynamic part (appeared in the partition function from 
the momentum space) and from Mayer's theory, the corresponding parameter 
can be derived simply from the geometric construction (derived from the 
configuration integral). Fisher merely puts this parameter into his 
equation of state to fulfill the requirement for describing the critical 
phenomena. Therefore, physical justification is needed for the significance 
of the critical parameter X • 
4. In calculations for the compressibility factor at the critical 
point, we notice that for a given X » the I = 1 term gives a significant 
contribution in the Zeta function sums. Also, when we replace the sum in 
the equation of state by an integral to get the homogeneous expression for 
the equation of state near the critical point, we notice that we have a 
lower cutoff j? = 1. Both in turn means the cluster which only contains 
a single molecule is very important near the critical point. Therefore, 
droplet model has been extended far beyond the region where physical 
intuition provides some justification. 
With these analyses we conclude that, even though, as claimed by 
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Uhlenbeck, the critical phenomena is common to all substances, one would 
expect it to be possible to give a very general explanation demanding no 
exact knowledge of the detail interaction between molecules, there is still 
no theoretical model can provide such general theory for the critical 
phenomena. However, with all the evidences we have discussed, we do 
think the liquid droplet model can be a starting point for the study of 
this 'simple 1 common phenomenon. 
1 1 8 
APPENDIX 
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APPENDIX A. Legendre Transformation 1 5 
Let us consider a function y = y(x) (A-l) 
with i t s derivat ive p = dy/dx (A-2) 
or dy = p dx . (A-3) 
We define the Legendre transformation of y(x) as 
f(p) = px - y (x) (A-4) 
We assume that Equation (A-2) can be solved for x = x(p) which i s poss ib le 
i f
 2 2 
d y/dx t 0. (A-5) 
Thus x can be eliminated from the right-hand side of Equation (A-4). 
This re la t ion can a lso be put in the form 
^ ( P ) = x dy/dx - y = x 2 d(y /x) /dx (A-6) 
The equivalence of V|/= ^ (p) with Equation (A-l) i s evident from the fact 
that the l a t t e r can be regained from the former. The re la t ion i s dual in 
the sense that the inverse and direct re la t ions have the same form. In­
deed, we have from Equation (A-4) 
d = x dp + p dx - dy = x dp (A-7) 
and hence 
x = d <^/dp. (A-8) 
This equation can be solved for p = p(x) provided 
d 2 < / 7 d p 2 * 0 (A-9) 
Therefore p can be eliminated from 
y = px - ^ = p 2 d ( v f / p ) / d p (A-10) 
and we recover Equation ( A - l ) . Thus in the domain where the conditions 
1 2 0 
(A-5) and (A-9) are satisfied the transformation y, x«-* p is informa­
tion-preserving and entirely symmetric. 
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APPENDIX B. The E n e r g y Minimum P r i n c i p l e f o r D i f f e r e n t 
R e p r e s e n t a t i o n s due t o L e g e n d r e T r a n s f o r m a t i o n 1 5 
H e l m h o l t z p o t e n t i a l (F = U - TS) Minimum P r i n c i p l e . The e q u i l i b r i u m 
v a l u e o f any u n c o n s t r a i n e d i n t e r n a l p a r a m e t e r i n a s y s t e m i n d i a t h e r m a l 
c o n t a c t w i t h a h e a t r e s e r v o i r m i n i m i z e s t h e H e l m h o l t z p o t e n t i a l a t 
c o n s t a n t t e m p e r a t u r e ( e q u a l t o t h a t o f t h e h e a t r e s e r v o i r ) . 
E n t h a l p y (H = U + PV) Minimum P r i n c i p l e . The e q u i v a l e n t v a l u e o f any 
u n c o n s t r a i n e d i n t e r n a l p a r a m e t e r i n a s y s t e m i n c o n t a c t w i t h a p r e s s u r e 
r e s e r v o i r m i n i m i z e s t h e e n t h a p y a t c o n s t a n t p r e s s u r e ( e q u a l t o t h a t o f 
t h e p r e s s u r e r e s e r v o i r ) . 
G i b b s F u n c t i o n (G = U - TS + PV) Minimum P r i n c i p l e . The e q u i v a l e n t v a l u e 
o f any u n c o n s t r a i n e d i n t e r n a l p a r a m e t e r i n a s y s t e m i n c o n t a c t w i t h a 
t e m p e r a t u r e and a p r e s s u r e r e s e r v o i r m i n i m i z e s t h e G i b b s f u n c t i o n a t 
c o n s t a n t t e m p e r a t u r e and p r e s s u r e ( e q u a l t o t h o s e o f r e s p e c t i v e r e s e r v o i r s ) . 
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Chia Szu Kiang was born in Shanghai, China on September 9, 1941. 
He is the son of Kung Mei Kiang and Hui Ching Kiang. 
He first attended public school in Chung Ching, China, at the 
age of three and was publicized by his family as a "wonder child." He 
was graduated with the highest honors from Chieh Kou High School in 
June, 1957, at Taipei, Taiwan. He attended National Taiwan University 
from September, 1957 to June, 1961, when he received the degree of 
Bachelor of Science in Physics. From June, 1961 to September, 1962, he 
served in the National Chinese Army. In September, 1962, he left his 
native country and attended Georgia Institute of Technology to pursue 
a graduate program in Physics. He received the degree of Master of 
Science in Physics from the Georgia Institute of Technology in March, 1964. 
In 1965, he was found to be a tuberculosis patient. With the help from 
Dr. and Mrs. V. Crawford and with intensive care from the Battey State 
Hospital, Rome, Georgia, he recovered from T.B. and discovered a new 
attitude towards life. From that time until he married Marilyn Maisel 
in February, 1968, he was a "wandering hippy" searching for his own life. 
The marriage brought him back to the "normal" society. With the patience 
and understanding of his advisor, Dr. H. A. Gersch, he is able to pursue 
the union-card for higher education, namely, the degree of Doctor of 
Philosophy in Physics. 
From September, 1967 to the present date, he has been employed by 
Clark College Physics Department as an assistant professor. He is a mem­
ber of the American Physical Society and numerous honorary societies. 
